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Abstract
The classical theory of Fourier series deals with decomposition of a function into sinu-
soidal waves. Unlike these continuous waves the Vilenkin (Walsh) functions are rectangular
waves. Such waves have already been used frequently in the theory of signal transmission,
multiplexing, filtering, image enhancement, codic theory, digital signal processing and pat-
tern recognition. The development of the theory of Vilenkin-Fourier series has been strongly
influenced by the classical theory of trigonometric series. Because of this it is inevitable to
compare results of Vilenkin series to those on trigonometric series. There are many similar-
ities between these theories, but there exist differences also. Much of these can be explained
by modern abstract harmonic analysis, which studies orthonormal systems from the point of
view of the structure of a topological group.
In this PhD thesis we discuss, develop and apply this fascinating theory connected to
modern harmonic analysis. In particular we make new estimations of Vilenkin-Fourier coef-
ficients and prove some new results concerning boundedness of maximal operators of partial
sums. Moreover, we derive necessary and sufficient conditions for the modulus of continuity
so that norm convergence of the partial sums is valid and develop new methods to prove
Hardy type inequalities for the partial sums with respect to the Vilenkin systems. We also
do the similar investigation for the Feje´r means. Furthermore, we investigate some No¨rlund
means but only in the case when their coefficients are monotone. Some well-know examples
of No¨rlund means are Feje´r means, Cesa`ro means and No¨rlund logarithmic means. In addi-
tion, we consider Riesz logarithmic means, which are not example of No¨rlund means. It is
also proved that these results are the best possible in a special sense. As applications both
some well-known and new results are pointed out.
This PhD is written as a monograph consisting of four Chapters: Preliminaries, Fourier
coefficients and partial sums of Vilenkin-Fourier series on martingaleHardy spaces, Vilenkin-
Feje´r means on martingale Hardy spaces, Vilenkin-No¨rlund means on martingale Hardy
spaces. It is based on 15 papers with the candidate as author or coauthor, but also some
new results are presented for the first time.
In Chapter 1 we first present some definitions and notations, which are crucial for our
further investigations. After that we also define some summabilitity methods and remind
about some classical facts and results. We investigate some well-known results and prove
new estimates for the kernels of these summabilitity methods, which are very important to
prove our main results. Moreover, we define martingale Hardy spaces and construct martin-
gales, which help us to prove sharpness of our main results in the later chapters.
Chapter 2 is devoted to present and prove some new and known results about Vilenkin-
Fourier coefficients and partial sums of martingales in Hardy spaces. First, we show that
Fourier coefficients of martingales are not uniformly bounded when 0 < p < 1. By applying
these results we prove some known Hardy and Paley type inequalities with a new method.
After that we investigate partial sums with respect to Vilenkin systems and prove bound-
edness of maximal operators of partial sums. Moreover, we find necessary and sufficient
,
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conditions for the modulus of continuity for which norm convergence of partial sums hold
and we present a new proof of a Hardy type inequality for it.
In Chapter 3 we investigate some analogous problems concerning the partial sums of
Feje´r means. First we consider some weighted maximal operators of Feje´r means and prove
some boundedness results for them. After that we apply these results to find necessary and
sufficient conditions for the modulus of continuity for which norm convergence of Feje´r
means hold. Finally, we prove some new Hardy type inequalities for Feje´r means, which is a
main part of this PhD thesis. We also prove sharpness of all our main results in this Chapter.
In Chapter 4 we consider boundedness of maximal operators of No¨rlund means. After
that we prove some strong convergence theorems for these summablility methods. Since
Feje´r means, Cesa`ro means are well-know examples of No¨rlund means some well-known
and new results are pointed out. We also investigate Riesz and No¨rlund logarithmic means
simultaneously at the end of this chapter.
G.Tephnadze ,
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1 PRELIMINARIES
1.1 BASIC NOTATIONS
Denote by N+ the set of the positive integers, N := N+ ∪ {0}. Let m := (m0, m1, . . .) be a
sequence of positive integers not less than 2. Denote by
Zmk := {0, 1, . . . , mk − 1}
the additive group of integers modulomk.
Define the group Gm as the complete direct product of the groups Zmi with the product
of the discrete topologies of Zmi .
The direct product µ of the measures
µk ({j}) := 1/mk (j ∈ Zmk)
is the Haar measure on Gmk with µ (Gm) = 1.
In this paper we discuss bounded Vilenkin groups, i.e. the case when supnmn <∞.
The elements of Gm are represented by sequences
x := (x0, x1, . . . , xj , . . .)
(
xj ∈ Zmj
)
.
It is easy to give a base for the neighborhoods of Gm :
I0 (x) : = Gm,
In(x) : = {y ∈ Gm | y0 = x0, . . . , yn−1 = xn−1} (x ∈ Gm, n ∈ N) .
Let
en := (0, . . . , 0, xn = 1, 0, . . .) ∈ Gm (n ∈ N) .
If we define In := In (0) , for n ∈ N and In := Gm \ In, then
IN =
N−1⋃
s=0
Is\Is+1 =
(
N−2⋃
k=0
N−1⋃
l=k+1
Ik,lN
)⋃(N−1⋃
k=1
Ik,NN
)
, (1.1)
where
Ik,lN :=

IN(0, . . . , 0, xk 6= 0, 0, ..., 0, xl 6= 0, xl+1 , . . . , xN−1 , . . .),
for k < l < N,
IN(0, . . . , 0, xk 6= 0, xk+1 = 0, . . . , xN−1 = 0, xN , . . .),
for l = N.
G.Tephnadze ,
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The norm (or quasi-norm when 0 < p < 1) of the space Lp(Gm) (0 < p <∞) is defined
by
‖f‖p :=
(∫
Gm
|f |p dµ
)1/p
.
The space weak − Lp (Gm) consists of all measurable functions f, for which
‖f‖weak−Lp := sup
λ>0
λµ (f > λ)1/p < +∞.
The norm of the space of continuous functions C(Gm) is defined by
‖f‖C := sup
x∈Gm
|f(x)| < c <∞.
The best approximation of f ∈ Lp(Gm) (1 ≤ p ∈ ∞) is defined as
En (f, Lp) := inf
ψ∈Pn
‖f − ψ‖p ,
where Pn is set of all Vilenkin polynomials of order less than n ∈ N.
The modulus of continuity of f ∈ Lp (Gm) and f ∈ C (Gm) are defined by
ωp
(
1
Mn
, f
)
:= sup
h∈In
‖f (· − h)− f (·)‖p
and
ωC
(
1
Mn
, f
)
:= sup
h∈In
‖f (· − h)− f (·)‖C ,
respectively.
If we define the so-called generalized number system based onm in the following way :
M0 := 1, Mk+1 := mkMk (k ∈ N),
then every n ∈ N can be uniquely expressed as
n =
∞∑
j=0
njMj ,
where nj ∈ Zmj (j ∈ N+) and only a finite number of n
′
js differ from zero.
Let
〈n〉 := min{j ∈ N : nj 6= 0} and |n| := max{j ∈ N : nj 6= 0},
that isM|n| ≤ n ≤M|n|+1. Set
d (n) := |n| − 〈n〉 , for all n ∈ N.
,
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For the natural number n =
∑∞
j=1 njMj , we define functions v and v
∗ by (for details see
Lukomskii [38])
v (n) :=
∞∑
j=1
|δj+1 − δj |+ δ0, v
∗ (n) :=
∞∑
j=1
δ∗j ,
where
δj = sign (nj) = sign (⊖nj) and δ
∗
j = |⊖nj − 1| δj
and ⊖ is the inverse operation for
ak ⊕ bk := (ak + bk)modmk.
Next, we introduce on Gm an orthonormal systems, which are called Vilenkin systems.
At first, we define the complex-valued function rk (x) : Gm → C, the generalized
Rademacher functions, by
rk (x) := exp (2πixk/mk) ,
(
i2 = −1, x ∈ Gm, k ∈ N
)
.
Now, define Vilenkin systems ψ := (ψn : n ∈ N) on Gm as:
ψn(x) :=
∞∏
k=0
rnkk (x) , (n ∈ N) .
The Vilenkin systems are orthonormal and complete in L2 (Gm) (see e.g. Vilenkin [77]).
Specifically, we call this system the Walsh-Paley system whenm ≡ 2.
Next, we introduce some analogues of the usual definitions in Fourier-analysis. If f ∈
L1 (Gm) we can define the Fourier coefficients, the partial sums of the Fourier series, the
Dirichlet kernels with respect to Vilenkin systems in the usual manner:
f̂ (n) :=
∫
Gm
fψndµ, (n ∈ N) ,
Snf :=
n−1∑
k=0
f̂ (k)ψk, (n ∈ N+) ,
Dn :=
n−1∑
k=0
ψk , (n ∈ N+) ,
respectively.
The n-th Lebesgue constant is defined in the following way:
Ln := ‖Dn‖1 .
G.Tephnadze ,
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1.2 DEFINITION AND EXAMPLES OF NO¨RLUND MEANS AND ITS MAXIMAL OPERA-
TORS
Let {qk : k ∈ N} be a sequence of nonnegative numbers. The n-th No¨rlund means for the
Fourier series of f is defined by
tnf :=
1
Qn
n∑
k=1
qn−kSkf, (1.2)
where
Qn :=
n−1∑
k=0
qk.
We always assume that q0 > 0 and
lim
n→∞
Qn =∞.
In this case it is well-known that the summability method generated by {qk : k ≥ 0} is
regular if and only if
lim
n→∞
qn−1
Qn
= 0. (1.3)
Concerning this fact and related basic results, we refer to [40].
The next remark is due to Persson, Tephnadze and Wall [51]:
Remark 1.1 a) Let the sequence {qk : k ∈ N} be non-increasing. Then the summability
method generated by {qk : k ∈ N} is regular.
b) Let the sequence {qk : k ∈ N} be non-decreasing. Then the summability method
generated by {qk : k ∈ N} is not always regular.
Proof: Let the sequence {qk : k ∈ N} be non-increasing. Then
qn−1
Qn
≤
qn−1
nqn−1
=
1
n
→ 0, when n→∞.
According to (1.3) we conclude that in this case the summability method is regular.
Now, we prove part b) of theorem and construct No¨rlund mean, with non-decreasing
coefficients {qk : k ∈ N}, which is not regular.
Let {qk = 2
k : k ∈ N}. Then
Qn =
n−1∑
k=0
2k = 2n − 1 ≤ 2n
,
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and
qn−1
Qn
=
2n−1
2n − 1
≥
2n−1
2n
=
1
2
9 0, when n→∞.
By using again (1.3) we obtain that when the sequence {qk : k ∈ N} is non-decreasing,
then the summability method is not always regular.
The proof is complete.
Let tn be No¨rlund means with monotone and bounded sequence {qk : k ∈ N}, such that
q := lim
n→∞
qn > c > 0.
Then, if the sequence {qk : k ∈ N} is non-decreasing, we get that
nq0 ≤ Qn ≤ nq.
In the case when the sequence {qk : k ∈ N} is non-increasing, then
nq ≤ Qn ≤ nq0. (1.4)
In both cases we can conclude that
qn−1
Qn
= O
(
1
n
)
, when n→∞. (1.5)
In the special case when {qk = 1 : k ∈ N}, we get Feje´r means
σnf :=
1
n
n∑
k=1
Skf .
The (C, α)-means (Cesa`ro means) of the Vilenkin-Fourier series are defined by
σαnf :=
1
Aαn
n∑
k=1
Aα−1n−kSkf,
where
Aα0 := 0, A
α
n :=
(α+ 1) ... (α+ n)
n!
, α 6= −1,−2, ...
It is well-known that (see e.g. Zygmund [88])
Aαn =
n∑
k=0
Aα−1n−k, (1.6)
Aαn −A
α
n−1 = A
α−1
n , A
α
n ∽ n
α. (1.7)
G.Tephnadze ,
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In the literature, there is the notion of Riesz means ((R, α)-means) of the Fourier series.
Let βαn denote the No¨rlund mean, where{
q0 = 1, qk = k
α−1 : k ∈ N+
}
,
that is
βαnf :=
1
Qn
n∑
k=1
(n− k)α−1 Skf, 0 < α < 1.
It is obvious that
|qn − qn+1|
nα−2
= O (1) , when n→∞. (1.8)
and
q0
Qn
= O
(
1
nα
)
, when n→∞. (1.9)
The n-th No¨rlund logarithmic mean Ln and the Riesz logarithmic mean Rn are defined
by
Lnf :=
1
ln
n−1∑
k=1
Skf
n− k
, Rnf :=
1
ln
n−1∑
k=1
Skf
k
,
respectively, where
ln :=
n−1∑
k=1
1
k
.
Up to now we have considered No¨rlund mean in the case when the sequence {qk :
k ∈ N} is bounded but now we consider No¨rlund summabilities with unbounded sequence
{qk : k ∈ N}.
Let α ∈ R+, β ∈ N+ and
log(β) x :=
β times︷ ︸︸ ︷
log ... logx.
If we define the sequence {qk : k ∈ N} by{
q0 = 0 and qk = log
(β) kα : k ∈ N+
}
,
then we get the class of No¨rlund means with non-decreasing coefficients:
κα,βn f :=
1
Qn
n∑
k=1
log(β) (n− k)α Skf.
First we note that κα,βn are well-defined for every n ∈ N+, if we rewrite them as:
κα,βn f =
n∑
k=1
log(β) (n− k)α
Qn
Skf.
,
March 5, 2018 Martingale Hardy spaces and summability of the one dimensional Vilenkin-Fourier series 17
It is obvious that
n
2
log(β)
nα
2α
≤ Qn ≤ n log
(β) nα.
It follows that
qn−1
Qn
≤
c log(β) (n− 1)α
n log(β) nα
= O
(
1
n
)
→ 0, when n→∞. (1.10)
For the function f we consider the following maximal operators:
S∗f := sup
n∈N
|Snf | , t
∗f := sup
n∈N
|tnf | , σ
∗f := sup
n∈N
|σnf | ,
σα,∗f := sup
n∈N
|σαnf | , R
∗f := sup
n∈N
|Rnf | , L
∗f := sup
n∈N
|Lnf | ,
κα,β,∗f := sup
n∈N
∣∣κα,βn f ∣∣ , βα,∗f := sup
n∈N
|βαnf | .
We also consider the following weighted maximal operators:
∼
t
∗
p,αf := sup
n∈N
|tnf |
(n+ 1)1/p−1−α
, (0 < p < 1/ (1 + α) , 0 < α ≤ 1),
t˜∗αf := sup
n∈N
|tnf |
log1+α (n + 1)
, (0 < α ≤ 1) ,
∼
σ
α,∗
p f := sup
n∈N
|σαnf |
(n+ 1)1/p−1−α
, (0 < p < 1/ (1 + α) , 0 < α ≤ 1),
∼
β
α,∗
p f := sup
n∈N
|βαnf |
(n + 1)1/p−1−α
, (0 < p < 1/ (1 + α) , 0 < α ≤ 1),
σ˜α,∗f := sup
n∈N
|σαnf |
log1+α (n + 1)
, β˜α,∗f := sup
n∈N
|βαnf |
log1+α (n + 1)
, (0 < α < 1) ,
σ˜∗p := sup
n∈N
|σn|
(n+ 1)1/p−2
, κ˜α,β,∗p f := sup
n∈N
∣∣κα,βn f ∣∣
(n + 1)1/p−2
, (0 < p < 1/2) ,
and
σ˜∗f := sup
n∈N
|σnf |
log2 (n+ 1)
, κ˜α,β,∗f := sup
n∈N
∣∣κα,βn f ∣∣
log2 (n+ 1)
.
G.Tephnadze ,
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1.3 DIRICHLET KERNELS AND LEBESGUE CONSTANTS WITH RESPECT TO VILENKIN
SYSTEMS
It is easy to see that
Snf (x) =
∫
Gm
f (t)
n−1∑
k=0
ψk (x− t) dµ (t)
=
∫
Gm
f (t)Dn (x− t) dµ (t) = (f ∗Dn) (x) .
The next well-known identities with respect to Dirichlet kernels (see Lemmas 1.2 and
1.3, Corollaries 1.4 and 1.5) will be used many time in the proofs of our main results. The
first equality can be found in Vilenkin [77] and the second identity in Ga`t and Goginava [19]:
Lemma 1.2 Let n ∈ N, 1 ≤ sn ≤ mn − 1. Then
Dj+Mn = DMn + ψMnDj = DMn + rnDj , j ≤ (mn − 1)Mn (1.11)
and
DsnMn−j = DsnMn − ψsnMn−1Dj , j < Mn. (1.12)
Lemma 1.3 Let n ∈ N and 1 ≤ sn ≤ mn − 1. Then
DsnMn = DMn
sn−1∑
k=0
ψkMn = DMn
sn−1∑
k=0
rkn (1.13)
and
Dn = ψn
 ∞∑
j=0
DMj
mj−1∑
k=mj−nj
rkj
 , (1.14)
for n =
∑∞
i=0 niMi.
Corollary 1.4 Let n ∈ N. Then
DMn+1 =
n∏
k=0
(
mk−1∑
s=0
rsk
)
.
Corollary 1.5 Let n ∈ N. Then
DMn (x) =
{
Mn, x ∈ In,
0, x /∈ In.
We also need the following estimate (see Tephnadze [71]):
,
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Lemma 1.6 Let x ∈ Is\Is+1, s = 0, ..., N − 1. Then∫
IN
|Dn (x− t)| dµ (t) ≤
cMs
MN
,
where c is an absolute constant.
Proof: By combining (1.14) in Lemma 1.3 and Corollary 1.5 we have that
|Dn (x)| ≤
l∑
j=0
njDMj (x) =
l∑
j=0
njMj ≤ cMl.
Since t ∈ IN and x ∈ Is\Is+1, s = 0, ..., N − 1, we obtain that x − t ∈ Is\Is+1. By
using the estimate above we get that
|Dn (x− t)| ≤ cMs
and ∫
IN
|Dn (x− t)| dµ (t) ≤
cMs
MN
.
The proof is complete.
To study the Dirichlet kernels we need an estimate of some sums of Rademacher func-
tions. This Lemma can be found in Persson and Tephnadze [53].
Lemma 1.7 Let n ∈ N, and xn = 1. Then∣∣∣∣∣
sn−1∑
u=0
run (x)
∣∣∣∣∣ ≥ 1, for some 1 ≤ sn ≤ mn − 1
and ∣∣∣∣∣
sn−1∑
u=1
run (x)
∣∣∣∣∣ ≥ 1, for some 2 ≤ sn ≤ mn − 1.
Proof: Let xn = 1. Then we readily get that∣∣∣∣∣
sn−1∑
u=0
run (x)
∣∣∣∣∣ =
∣∣∣∣rsnn (x)− 1rn (x)− 1
∣∣∣∣
=
sin (πsnxn/mn)
sin (πxn/mn)
=
sin (πsn/mn)
sin (π/mn)
≥ 1.
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Analogously, we can prove that∣∣∣∣∣
sn−1∑
u=1
run (x)
∣∣∣∣∣ =
∣∣∣∣rn (x) rsn−1n (x)− 1rn (x)− 1
∣∣∣∣ = sin (π (sn − 1) /mn)sin (π/mn) ≥ 1.
The proof is complete.
The next Lemma can be found in Tephnadze [71]:
Lemma 1.8 Let n ∈ N, |n| 6= 〈n〉 and x ∈ I〈n〉\I〈n〉+1. Then
|Dn| =
∣∣∣Dn−M|n|∣∣∣ ≥ M〈n〉.
Proof: Let x ∈ I〈n〉\I〈n〉+1. Since
n = n〈n〉M〈n〉 +
|n|−1∑
j=〈n〉
njMj + n|n|M|n|
and
n−M|n| = n〈n〉M〈n〉 +
|n|−1∑
j=〈n〉
njMj +
(
n|n| − 1
)
M|n|,
if we apply Lemma 1.7, Corollary 1.5 and (1.14) in Lemma 1.3 we can conclude that∣∣∣Dn−M|n|∣∣∣
≥
∣∣∣∣∣∣ψ〈n〉DM〈n〉
m〈n〉−1∑
s=m〈n〉−n〈n〉
rs〈n〉
∣∣∣∣∣∣−
∣∣∣∣∣∣ψ〈n〉
|n|∑
j=〈n〉+1
DMj
mj−1∑
s=mj−nj
rsj
∣∣∣∣∣∣
=
∣∣∣∣∣∣DM〈n〉
m〈n〉−1∑
s=m〈n〉−n〈n〉
rs〈n〉
∣∣∣∣∣∣ =
∣∣∣∣∣∣DM〈n〉rm〈n〉−α〈n〉〈n〉
n〈n〉−1∑
s=0
rs〈n〉
∣∣∣∣∣∣
= DM〈n〉
∣∣∣∣∣∣
n〈n〉−1∑
s=0
rs〈n〉
∣∣∣∣∣∣ ≥ DM〈n〉 ≥M〈n〉.
Analogously we can show that
|Dn| = DM〈n〉
∣∣∣∣∣
n〈n〉∑
s=0
rs〈n〉
∣∣∣∣∣ ≥M〈n〉
and the proof is complete.
The next Lemma can be found in Lukomskii [38]:
,
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Lemma 1.9 Let n =
∑∞
i=1 niMi. Then
1
4λ
v (n) +
1
λ
v∗ (n) +
1
2λ
≤ Ln ≤
3
2
v (n) + 4v∗ (n)− 1,
where λ := supn∈Nmn.
The next result for the Walsh system can be found in the book [55] and for bounded
Vilenkin systems in the book [2].
Corollary 1.10 Let qnk= M2nk +M2nk−2 +M2 +M0. Then
nk
2λ
≤
∥∥Dqnk∥∥1 ≤ λnk,
where λ := supn∈Nmn.
Proof: The proof readily follows by just using Theorem 1.9 and the following identity
v (qnk) = 2nk. Thus, we leave out the details.
1.4 FEJE´R KERNELS WITH RESPECT TO VILENKIN SYSTEMS
It is obvious that
σnf (x) =
1
n
n−1∑
k=0
(Dk ∗ f) (x)
= (f ∗Kn) (x) =
∫
Gm
f (t)Kn (x− t) dµ (t) .
We frequently use the following well-known result, which was proved in Ga´t [17]:
Lemma 1.11 Let n > t, t, n ∈ N. Then
KMn (x) =

Mt
1−rt(x)
, x ∈ It\It+1, x− xtet ∈ In,
Mn+1
2
, x ∈ In,
0, otherwise.
The proof of the next lemma can easily be done by using last lemma (c.f. also the book
[2] and Tephnadze [67, 68]:
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Lemma 1.12 Let n ∈ N and x ∈ Ik,lN , where k < l. Then
KMn (x) = 0, if n > l. (1.15)
and
|KMn (x)| ≤ cMk. (1.16)
Moreover, ∫
Gm
|KMn| dµ ≤ c <∞, (1.17)
where c is an absolute constant.
We also need the following useful result:
Lemma 1.13 Let t, sn, n ∈ N, and 1 ≤ sn ≤ mn − 1. Then
snMnKsnMn =
sn−1∑
l=0
(
l−1∑
i=0
rin
)
MnDMn +
(
sn−1∑
l=0
rln
)
MnKMn (1.18)
and
|KsnMn (x)| ≥
Mn
2πsn
, for x ∈ In+1 (en−1 + en) . (1.19)
Moreover, if x ∈ It\It+1, x− xtet /∈ In and n > t, then
KsnMn(x) = 0.
Remark 1.14 This result was proved by Blahota and Tephnadze [5], but here we will give a
completely different and simpler proof.
Proof: We can write that
snMnKsnMn =
sn−1∑
l=0
(l+1)Mn−1∑
k=lMn
Dk (1.20)
=
sn−1∑
l=0
(l+1)Mn−1∑
k=lMn
Dk =
sn−1∑
l=0
Mn−1∑
k=0
Dk+lMn.
Let 0 ≤ k < Mn. Then, by using (1.13) in Lemma 1.2 we have that
Dk+lMn =
lMn−1∑
m=0
ψm +
lMn+k−1∑
m=lMn
ψm
,
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= DlMn +
k−1∑
m=0
ψm+lMn = DlMn + r
l
n
k−1∑
m=0
ψm
=
(
l−1∑
i=0
rin
)
DMn + r
l
nDk.
According to (1.20) we readily get that
snMnKsnMn =
sn−1∑
l=0
Mn−1∑
k=0
Dk+lMn
=
sn−1∑
l=0
Mn−1∑
k=0
((
l−1∑
i=0
rin
)
DMn + r
l
nDk
)
=
sn−1∑
l=0
(
l−1∑
i=0
rin
)
MnDMn +
(
sn−1∑
l=0
rln
)
Mn−1∑
k=0
Dk
=
sn−1∑
l=0
(
l−1∑
i=0
rin
)
MnDMn +
(
sn−1∑
l=0
rln
)
MnKMn.
The first part of the Lemma is proved.
Now, let t, sn, n ∈ N, n > t, x ∈ It\It+1. If x−xtet /∈ In, then by combining Corollary
1.5 and Lemma 1.11 we obtain that
DMn(x) = KMn(x) = 0. (1.21)
Let x ∈ In+1 (en−1 + en) . By Lemma 1.11 we have that
|KMn (x)| =
Mn−1
|1− rn−1 (x)|
=
Mn−1
2 sin π/mn−1
.
By combining Lemmas 1.7 and 1.11 and the first part of Lemma 1.13 we immediately
get that
|snMnKsnMn (x)| =
∣∣∣∣∣
(
sn−1∑
l=0
rln (x)
)
MnKMn (x)
∣∣∣∣∣
MnMn−1
|1− rn (x)|
=
MnMn−1
2 sin π/mn−1
≥
MnMn−1mn−1
2π
≥
M2n
2π
.
Now, let t, sn, n ∈ N, n > t, x ∈ It\It+1. If x − xtet /∈ In, then, by using the first part
of Lemma 1.13, with identities (1.21) we immediately get that
KsnMn(x) = 0.
The proof is complete.
In the same paper Blahota and Tephnadze [5] also proved the following result:
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Lemma 1.15 Let n =
∑r
i=1 sniMni , where n1 > n2 > · · · > nr ≥ 0 and 1 ≤ sni < mni
for all 1 ≤ i ≤ r as well as n(k) = n−
∑k
i=1 sniMni , where 0 < k ≤ r. Then
nKn =
r∑
k=1
(
k−1∏
j=1
r
snj
nj
)
snkMnkKsnkMnk +
r−1∑
k=1
(
k−1∏
j=1
r
snj
nj
)
n(k)DsnkMnk .
Proof: Let k, n ∈ N, 0 ≤ k < Mn. If we use the identity (1.11) in Lemma 1.2 we
readily get that
nKn =
n∑
k=1
Dk =
sn1Mn1∑
k=1
Dk +
n∑
k=sn1Mn1+1
Dk
= sn1Mn1Ksn1Mn1 +
n(1)∑
k=1
Dk+sn1Mn1
= sn1Mn1Ksn1Mn1 +
n(1)∑
k=1
(
Dsn1Mn1 + r
sn1
n1 Dk
)
= sn1Mn1Ksn1Mn1 + n
(1)Dsn1Mn1 + r
sn1
n1 n
(1)Kn(1) .
If we calculate n(1)Kn(1) in similar way, we get that
n(1)Kn(1) = sn2Mn2Ksn2Mn2 + n
(2)Dsn2Mn2 + r
sn2
n2 n
(2)Kn(2),
so
nKn = sn1Mn1Ksn1Mn1 + r
sn1
n1 sn2Mn2Ksn2Mn2
+r
sn1
n1 r
sn2
n2 n
(2)Kn(2) + n
(1)Dsn1Mn1 + r
sn1
n1 n
(2)Dsn2Mn2 .
By using this method successively with n(2)Kn(2) , . . . , n
(r−1)Kn(r−1) , we obtain that
nKn =
r∑
k=1
(
k−1∏
j=1
r
snj
nj
)
snkMnkKsnkMnk
+
(
r∏
j=1
r
snj
nj
)
n(r)Kn(r) +
r−1∑
k=1
(
k−1∏
j=1
r
snj
nj
)
n(k)DsnkMnk .
Since n(r) = 0 we conclude that the proof is complete.
Corollary 1.16 Let n ∈ N. Then
n |Kn| ≤ c
|n|∑
l=〈n〉
Ml |KMl| ≤ c
|n|∑
l=0
Ml |KMl| (1.22)
,
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and
sup
n
∫
Gm
|Kn| dµ ≤ c <∞, (1.23)
where c is an absolute constant.
Remark 1.17 Corollary 1.16 is known (see the book [2]), but it is also a simple conse-
quence of Lemmas 1.12 and 1.15.
The next lemma can be found as a part of a more general result by Persson and Tephnadze
[53]:
Lemma 1.18 Let n ∈ N, 〈n〉 6= |n| and x ∈ I〈n〉+1
(
e〈n〉−1 + e〈n〉
)
. Then
|nKn| =
∣∣∣(n−M|n|)K−M|n|∣∣∣ ≥ M2〈n〉2πλ ,
where λ := supmn.
Proof: Let x ∈ I〈n〉−1,〈n〉
〈n〉+1
. Since
n = n〈n〉M〈n〉 +
|n|−1∑
j=〈n〉
njMj + n|n|M|n|
and
n−M|n| = n〈n〉M〈n〉 +
|n|−1∑
j=〈n〉
njMj +
(
n|n| − 1
)
M|n|,
if we combine (1.13), (1.19) and invoke Corollary 1.5, Lemmas 1.11 and 1.15 we obtain that
n |Kn| =
(
n−M|n|
) ∣∣∣Kn−M|n|∣∣∣
=
∣∣∣∣∣∣
〈n〉−1∏
j=1
ψjMnj
 s〈n〉M〈n〉Ks〈n〉M〈n〉
∣∣∣∣∣∣ =
∣∣∣s〈n〉M〈n〉Ks〈n〉M〈n〉∣∣∣
=
∣∣∣∣∣∣
s〈n〉−1∑
l=0
(
l−1∑
i=0
ri〈n〉
)
M〈n〉DM〈n〉 +
s〈n〉−1∑
l=0
rl〈n〉
M〈n〉KM〈n〉
∣∣∣∣∣∣
=
∣∣∣∣∣∣
s〈n〉−1∑
l=0
rl〈n〉
M〈n〉KM〈n〉
∣∣∣∣∣∣ ≥
∣∣∣M〈n〉KM〈n〉∣∣∣ ≥ M2〈n〉2πλ .
The proof is complete.
The next result is proved in Blahota, Ga´t and Goginava [9] and [10], (see also Tephnadze
[70]):
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Lemma 1.19 Let 2 < n ∈ N+, k ≤ s < n and qn = M2n +M2n−2 + ...+M2 +M0. Then
qn−1
∣∣Kqn−1(x)∣∣ ≥ M2kM2s8 ,
for
x ∈ I2n (0, ..., x2k 6= 0, 0, ..., 0, x2s 6= 0, x2s+1, ..., x2n−1) ,
k = 0, 1, ..., n− 3, s = k + 2, k + 3, ..., n− 1.
The next lemma can be found in Blahota and Tephnadze [5] (see also Tephnadze [67]
and [68]):
Lemma 1.20 Let x ∈ Ik,lN , k = 0, . . . , N − 2, l = k + 1, . . . , N − 1. Then∫
IN
|Kn (x− t)| dµ (t) ≤
cMlMk
nMN
.
Let x ∈ Ik,NN , k = 0, . . . , N − 1. Then∫
IN
|Kn (x− t)| dµ (t) ≤
cMk
MN
,
where c is an absolute constant.
Proof: Let x ∈ Ik,lN , for 0 ≤ k < l ≤ N −1 and t ∈ IN . Since x− t ∈ I
k,l
N and n ≥MN ,
by combining Lemma 1.11 and (1.22) in Corollary 1.16 we obtain that
n |Kn (x)|
≤ c
l∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t) ≤ c
l∑
i=0
MiMk ≤ cMkMl
and ∫
IN
|Kn (x− t)| dµ (t) ≤
cMkMl
nMN
. (1.24)
Let x ∈ Ik,NN . Then by applying Lemma 1.11 and (1.22) in Corollary 1.16, we have that∫
IN
n |Kn (x− t)| dµ (t) ≤
|n|∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t) . (1.25)
Let{
x =
(
0, . . . , 0, xk 6= 0, . . . , xN−1 = 0, xN , xN+1, xq, ..., x|n|−1, . . .
)
,
t =
(
0, . . . , 0, xN , . . . , xq−1, tq 6= xq, tq+1, . . . , t|n|−1, . . .
)
, q = N, . . . , |n| − 1.
,
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By using Lemmas 1.11 and 1.12 in (1.25) it is easy to see that∫
IN
|Kn (x− t)| dµ (t) (1.26)
≤
c
n
q−1∑
i=0
Mi
∫
IN
Mkdµ (t) ≤
cMkMq
nMN
≤
cMk
MN
.
Let {
x =
(
0, . . . , 0, xm 6= 0, 0, . . . , 0, xN , xN+1, xq, . . . , x|n|−1, . . .
)
,
t =
(
0, , . . . , xN = 0, . . . , x|n|−1, . . .
)
.
If we apply again Lemmas 1.11 and 1.12 in (1.25) we obtain that∫
IN
|Kn (x− t)| dµ (t) ≤
c
n
|n|−1∑
i=0
Mi
∫
IN
Mkdµ (t) ≤
cMk
MN
. (1.27)
By combining (1.24), (1.26) and (1.27) we can complete the proof.
Also the next lemma is due to Tephnadze [67, 68], but it is also a simple consequence of
Lemma 1.20.
Lemma 1.21 Let x ∈ Ik,lN , k = 0, . . . , N − 1, l = k + 1, . . . , N. Then∫
IN
|Kn (x− t)| dµ (t) ≤
cMlMk
M2N
, for n ≥MN ,
where c is an absolute constant.
Proof: Since n ≥ MN if we apply Lemma 1.20 we immediately get a proof of this
estimate.
1.5 NO¨RLUND KERNELS WITH RESPECT TO VILENKIN SYSTEMS
A representation
tnf (x) =
∫
G
f (t)Fn (x− t) dµ (t)
plays a central role in the sequel, where
Fn :=
1
Qn
n∑
k=1
qn−kDk
is the so-called No¨rlund kernel.
In this section we study No¨rlund kernels with respect to Vilenkin systems. The next
results (Lemmas 1.22-1.27) are due to Persson, Tephnadze and Wall [51]:
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Lemma 1.22 Let {qk : k ∈ N} be a sequence of non-decreasing numbers, satisfying the
condition
qn−1
Qn
= O
(
1
n
)
, when n→∞. (1.28)
Then
|Fn| ≤
c
n

|n|∑
j=0
Mj
∣∣KMj ∣∣
 ,
where c is an absolute constant.
Proof: First, we invoke Abel transformation to obtain the following identities
Qn :=
n−1∑
j=0
qj =
n∑
j=1
qn−j · 1 =
n−1∑
j=1
(qn−j − qn−j−1) j + q0n (1.29)
and
Fn =
1
Qn
(
n−1∑
j=1
(qn−j − qn−j−1) jKj + q0nKn
)
. (1.30)
Let the sequence {qk : k ∈ N} be non-decreasing. Then, by using (1.28), we get that
1
Qn
(
n−1∑
j=1
|qn−j − qn−j−1|+ q0
)
≤
1
Qn
(
n−1∑
j=1
(qn−j − qn−j−1) + q0
)
≤
qn−1
Qn
≤
c
n
.
Under condition (1.28) if we apply (1.22) in Corollary 1.16 and use the equalities (1.29)
and (1.30) we immediately get that
|Fn| ≤
(
1
Qn
(
n−1∑
j=1
|qn−j − qn−j−1|+ q0
))
|n|∑
i=0
Mi |KMi|
=
(
1
Qn
(
n−1∑
j=1
(qn−j − qn−j−1) + q0
))
|n|∑
i=0
Mi |KMi |
≤
qn−1
Qn
|n|∑
i=0
Mi |KMi | ≤
c
n
|n|∑
i=0
Mi |KMi | .
The proof is complete by just combining the estimates above.
,
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Corollary 1.23 Let {qk : k ∈ N} be a sequence of non-decreasing numbers. Then
sup
n
∫
Gm
|Fn| dµ ≤ c <∞,
where c is an absolute constant.
Proof: If we apply (1.23) in Corollary 1.16 and invoke the identities (1.29) and (1.30)
we readily get the proof. So, we leave out the details.
Lemma 1.24 Let n ≥ MN and {qk : k ∈ N} be a sequence of non-decreasing numbers.
Then ∣∣∣∣∣ 1Qn
n∑
j=MN
qn−jDj
∣∣∣∣∣ ≤ cMN

|n|∑
j=0
Mj
∣∣KMj ∣∣
 ,
where c is an absolute constant.
Proof: LetMN ≤ j ≤ n. By using (1.22) in Corollary 1.16 we get that
|Kj| ≤
1
j
|j|∑
l=0
Ml |KMl| ≤
1
MN
|n|∑
l=0
Ml |KMl| .
Let the sequence {qk : k ∈ N} be non-decreasing. Then
n−1∑
j=MN
|qn−j − qn−j−1| j + q0n ≤
n−1∑
j=0
|qn−j − qn−j−1| j + q0n
=
n−1∑
j=1
(qn−j − qn−j−1) j + q0n = Qn.
By using Abel transformation we can write that∣∣∣∣∣ 1Qn
n∑
j=MN
qn−jDj
∣∣∣∣∣
=
∣∣∣∣∣ 1Qn
(
n−1∑
j=MN
(qn−j − qn−j−1) jKj + q0nKn
)∣∣∣∣∣(
1
Qn
(
n−1∑
j=MN
|qn−j − qn−j−1| j + q0n
))
1
MN
|n|∑
i=0
Mi |KMi |
≤
1
MN
|n|∑
i=0
Mi |KMi| .
The proof is complete.
G.Tephnadze ,
30 1. Preliminaries March 5, 2018
Lemma 1.25 Let x ∈ Ik,lN , k = 0, . . . , N − 2, l = k + 1, . . . , N − 1 and {qk : k ∈ N} be a
sequence of non-decreasing numbers, satisfying condition (1.28). Then∫
IN
|Fn (x− t)| dµ (t) ≤
cMlMk
nMN
.
Let x ∈ Ik,NN , k = 0, . . . , N − 1. Then∫
IN
|Fn (x− t)| dµ (t) ≤
cMk
MN
.
Here c is an absolute constant.
Proof: Let x ∈ Ik,lN , for 0 ≤ k < l ≤ N − 1 and t ∈ IN . First, we observe that x− t ∈
Ik,lN . Next, we apply Lemma 1.22 and invoke (1.15) and (1.16) in Lemma 1.12 to obtain that∫
IN
|Fn (x− t)| dµ (t) (1.31)
≤
c
n
|n|∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t)
≤
c
n
∫
IN
l∑
i=0
MiMkdµ (t) ≤
cMkMl
nMN
and the first estimate is proved.
Now, let x ∈ Ik,NN . Since x− t ∈ I
k,N
N for t ∈ IN , by combining Lemmas 1.11 and 1.22
with (1.15) and (1.16) in 1.12, we have that∫
IN
|Fn (x− t)| dµ (t) (1.32)
≤
c
n
|n|∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t)
≤
c
n
|n|−1∑
i=0
Mi
∫
IN
Mkdµ (t) ≤
cMk
MN
.
By combining (1.31) and (1.32) we complete the proof.
Lemma 1.26 Let n ≥MN , x ∈ I
k,l
N , k = 0, . . . , N −1, l = k+1, . . . , N and {qk : k ∈ N}
be a sequence of non-decreasing sequence, satisfying condition (1.28). Then∫
IN
|Fn (x− t)| dµ (t) ≤
cMlMk
M2N
,
where c is an absolute constant.
,
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Proof: Since n ≥MN if we apply Lemma 1.25 we immediately get the proof.
Next, we state analogical estimate, but now without any restriction like (1.28):
Lemma 1.27 Let x ∈ Ik,lN , k = 0, . . . , N − 1, l = k + 1, . . . , N and {qk : k ∈ N} be a
sequence of non-decreasing sequence. Then∫
IN
∣∣∣∣∣ 1Qn
n∑
j=MN
qn−jDj (x− t)
∣∣∣∣∣ dµ (t) ≤ cMlMkM2N ,
where c is an absolute constant.
Proof: Let x ∈ Ik,lN , for 0 ≤ k < l ≤ N − 1 and t ∈ IN . Since x − t ∈ I
k,l
N and
n ≥MN , if we combine Lemmas 1.11 and 1.24 and invoke (1.15) and (1.16) in Lemma 1.12
we readily obtain that ∫
IN
∣∣∣∣∣ 1Qn
n∑
j=MN
qn−jDj (x− t)
∣∣∣∣∣ dµ (t) (1.33)
≤
c
MN
|n|∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t)
≤
c
MN
l∑
i=0
Mi
∫
IN
Mkdµ (t) ≤
cMkMl
M2N
and the first estimate is proved.
Now, let x ∈ Ik,NN . Since x− t ∈ I
k,N
N for t ∈ IN , if we apply again Lemmas 1.11, 1.22
and (1.15) and (1.16) in Lemma 1.12 we can conclude that∫
IN
∣∣∣∣∣ 1Qn
n∑
j=MN
qn−jDj (x− t)
∣∣∣∣∣ dµ (t) (1.34)
≤
c
MN
|n|∑
i=0
Mi
∫
IN
|KMi (x− t)| dµ (t)
≤
c
MN
|n|−1∑
i=0
Mi
∫
IN
Mkdµ (t) ≤
cMk
MN
.
By combining (1.33) and (1.34) we complete the proof.
The next results (Lemmas 1.28-1.34) are due to Blahota, Persson and Tephnadze [7]:
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Lemma 1.28 Let snMn < r ≤ (sn + 1)Mn, where 1 ≤ sn ≤ mn − 1. Then
QrFr = QrDsnMn − ψsnMn−1
snMn−2∑
l=1
(qr−snMn+l − qr−snMn+l+1) lKl
−ψsnMn−1 (snMn − 1) qr−1KsnMn−1 + ψsnMnQr−snMnFr−snMn .
Remark 1.29 We note that Lemma 1.28 is true for every No¨rlund mean, without any restric-
tion on the generative sequence {qk : k ∈ N}.
Proof: Let snMn < r ≤ (sn + 1)Mn, where 1 ≤ sn ≤ mn − 1. It is easy to see that
QrFr =
r∑
k=1
qr−kDk =
snMn∑
l=1
qr−lDl +
r∑
l=snMn+1
qr−lDl := I + II. (1.35)
We apply (1.12) in Lemma 1.2 and invoke Abel transformation to obtain that
I =
snMn−1∑
l=0
qr−snMn+lDsnMn−l (1.36)
=
snMn−1∑
l=1
qr−snMn+lDsnMn−l + qr−snMnDsnMn
= DsnMn
snMn−1∑
l=0
qr−snMn+l − ψsnMn−1
snMn−1∑
l=1
qr−snMn+lDl
= (Qr −Qr−snMn)DsnMn
−ψsnMn−1
snMn−2∑
l=1
(qr−snMn+l − qr−snMn+l+1) lKl
−ψsnMn−1qr−1 (snMn − 1)KsnMn−1.
By using (1.11) in Lemma 1.2 we can rewrite II as
II =
r−snMn∑
l=1
qr−snMn−lDl+snMn (1.37)
= Qr−snMnDsnMn + ψsnMnQr−snMnFr−snMn.
The proof is complete by just combining (1.35-1.37).
,
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Lemma 1.30 Let {qk : k ∈ N} be a sequence of non-increasing numbers satisfying the
condition
1
Qn
= O
(
1
n
)
, when n→∞. (1.38)
Then
|Fn| ≤
cα
n

|n|∑
j=0
Mj
∣∣KMj ∣∣
 ,
where c is an absolute constant.
Proof: Let the sequence {qk : k ∈ N} be non-increasing satisfying condition (1.38).
Then
1
Qn
(
n−1∑
j=1
|qn−j − qn−j−1|+ q0
)
≤
1
Qn
(
n−1∑
j=1
− (qn−j − qn−j−1) + q0
)
≤
2q0 − qn−1
Qn
≤
2q0
Qn
≤
c
n
.
If we apply (1.22) in Corollary 1.16 and invoke equalities (1.29) and (1.30) we immedi-
ately get that
|Fn| ≤
(
1
Qn
(
n−1∑
j=1
|qn−j − qn−j−1|+ q0
))
|n|∑
i=0
Mi |KMi|
=
(
1
Qn
(
n−1∑
j=1
− (qn−j − qn−j−1) + q0
))
|n|∑
i=0
Mi |KMi|
≤
2q0 − qn−1
Qn
|n|∑
i=0
Mi |KMi | ≤
2q0
Qn
|n|∑
i=0
Mi |KMi |
≤
c
n
|n|∑
i=0
Mi |KMi | .
The proof is complete by combining the estimates above.
Corollary 1.31 Let {qk : k ∈ N} be a sequence of non-increasing numbers satisfying con-
dition (1.38). Then
sup
n
∫
Gm
|Fn| dµ ≤ cα <∞,
where cα is an absolute constant depending only on α.
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Proof: By applying Lemma 1.30 we readily get the proof. So, we leave out the details.
Lemma 1.32 Let {qk : k ∈ N} be a sequence of non-increasing numbers, 0 < α < 1, and
1
Qn
= O
(
1
nα
)
, when n→∞ (1.39)
and
qn − qn+1 = O
(
1
n2−α
)
, when n→∞. (1.40)
Then
|Fn| ≤
cα
nα

|n|∑
j=0
Mαj
∣∣KMj ∣∣
 ,
where cα is an absolute constant depending only on α.
Proof: According to the fact that {qk : k ∈ N} is a sequence of non-negative and
non-increasing numbers we have two cases:
1. limk→∞ qk ≥ c > 0,
2. limk→∞ qk = 0,
In the first case we obtain that (1.4) and (1.5) are satisfied. Since the case
n
Qn
= O (1) , when n→∞,
have already been considered in Lemma 1.22, we can exclude it.
Hence, we may assume that
qn = o(1), when n→∞. (1.41)
By combining (1.40) and (1.41) we immediately get that
qn =
∞∑
l=n
(ql − ql+1) ≤
∞∑
l=n
c
l2−α
≤
c
n1−α
and
Qn =
n−1∑
l=0
ql ≤
n∑
l=1
c
l1−α
≤ cnα.
LetMn < k ≤Mn+1. It is easy to see that
Qk |DsMn| ≤ cM
α
n |DsMn| (1.42)
,
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and
(sMn − 1) qk−1 |KsMn−1| (1.43)
≤ ckα−1Mn |KsMn−1| ≤ cM
α
n |KsMn−1| .
Let
n = sn1Mn1 + sn2Mn2 + · · ·+ snrMnr , n1 > n2 > · · · > nr,
and
n(k) = snk+1Mnk+1 + · · ·+ snrMnr , 1 ≤ snl ≤ ml − 1, l = 1, . . . , r.
By combining (1.42), (1.43) and Lemma 1.28 we have that
|QnFn|
≤ cα
Mαn1 ∣∣Dsn1Mn1 ∣∣+ sn1Mn1−1∑
l=1
∣∣∣(n(1) + l)α−2∣∣∣ |lKl|+Mαn1 ∣∣Ksn1Mn1−1∣∣
 .
+cα |Qn(1)Fn(1) |
By repeating this process r times we get that
|QnFn|
≤ cα
r∑
k=1
Mαnk ∣∣DsnkMnk ∣∣+ snkMnk−1∑
l=1
(
n(k) + l
)α−2
|lKl|+M
α
nk
∣∣KsnkMnk−1∣∣

:= I + II + III.
We combine Corollary 1.5 and Lemma 1.11 and invoke (1.13) in Lemma 1.3 to obtain
that
I ≤ cα
|n|∑
k=1
Mαk |DskMk |
≤ cα
|n|∑
k=1
Mαk |DMk | ≤ cα
|n|∑
k=1
Mαk |KMk |
and
III ≤ cα
r∑
k=1
Mα−1nk
∣∣MnkKsnkMnk −MnkDsnkMnk ∣∣
≤ cα
r∑
k=1
Mαnk
∣∣KsnkMnk ∣∣ + cα r∑
k=1
Mαnk
∣∣DsnkMnk ∣∣
≤ cα
r∑
k=1
Mαk |KMk | .
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Next, we can rewrite II as
II = cα
r∑
k=1
snk+1Mnk+1−1∑
l=1
(
n(k) + l
)α−2
|lKl|
+cα
r∑
k=1
snkMnk−1∑
l=snk+1Mnk+1
(
n(k) + l
)α−2
|lKl|
:= II1 + II2.
For II1 we find that
II1 ≤ cα
r∑
k=1
sα−2nk+1M
α−2
nk+1
snk+1Mnk+1−1∑
l=1
|lKl|
≤ cα
n1∑
k=1
Mα−2k
Mk−1∑
l=1
|lKl|
= cα
n1∑
k=1
Mα−2k
k∑
i=1
Mi−1∑
l=Mi−1
|lKl|
≤ cα
n1∑
k=1
Mα−2k
k∑
i=1
Mi
i∑
j=0
Mj
∣∣KMj ∣∣
≤ cα
n1∑
k=0
Mα−1k
k∑
j=0
Mj|KMj |
= cα
n1∑
j=0
Mj |KMj |
n1∑
k=j
Mα−1k
≤ cα
n1∑
j=0
Mαj
∣∣KMj ∣∣ .
Moreover,
II2 ≤ cα
r∑
k=1
snkMnk−1∑
l=snk+1Mnk+1
lα−2 |lKl|
≤ cα
r∑
k=1
nk∑
i=nk+1+1
Mα−2i
Mi+1−1∑
l=Mi
|lKl|
,
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≤ cα
r∑
k=1
nk∑
i=nk+1+1
Mα−2i Mi
i∑
j=0
Mj
∣∣KMj ∣∣
= cα
r∑
k=1
nk∑
i=nk+1+1
Mα−1i
i∑
j=0
Mj
∣∣KMj ∣∣
≤ cα
n1∑
i=1
Mα−1i
i∑
j=0
Mj
∣∣KMj ∣∣
≤ cα
n1∑
j=0
Mαj
∣∣KMj ∣∣ .
The proof is complete by just combining the estimates above.
Corollary 1.33 Let 0 < α ≤ 1 and {qk : k ∈ N} be a sequence of non-increasing numbers
satisfying the conditions (1.39) and (1.40). Then
sup
n
∫
Gm
|Fn| dµ ≤ cα <∞,
where cα is an absolute constant depending only on α.
Proof: If we use Lemma 1.32 we readily get the proof. Thus, we leave out the details.
Lemma 1.34 Let 0 < α ≤ 1 and {qk : k ∈ N} be a sequence of non-increasing numbers
satisfying the conditions (1.39) and (1.40). Then∫
IN
|Fm (x− t)| dµ (t) ≤
cαM
α
l Mk
mαMN
, for x ∈ Ik,lN ,
where k = 0, . . . , N − 2, l = k + 2, . . . , N − 1. Moreover,∫
IN
|Fm (x− t)| dµ (t) ≤
cαMk
MN
, for x ∈ Ik,NN , k = 0, . . . , N − 1.
Here cα is an absolute constant depending only on α.
Proof: Let x ∈ Ik,lN , where k = 0, . . . , N − 2, l = k+2, . . . , N − 1. Since x− t ∈ I
k,l
N ,
for t ∈ IN if we apply Lemma 1.32 with (1.15) and (1.16) in Lemma 1.12 we can conclude
that
|Fm (x− t)| ≤
cα
mα
l∑
i=0
Mαi |KMi (x− t)| (1.44)
≤
cα
mα
l∑
i=0
Mαi Mk ≤
cαM
α
l Mk
mα
.
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Let x ∈ Ik,lN , for some 0 ≤ k < l ≤ N − 1. Since x− t ∈ I
k,l
N , for t ∈ IN andm ≥ MN
from (1.44) we readily obtain that∫
IN
|Fm (x− t)| dµ (t) ≤
cαM
α
l Mk
mαMN
. (1.45)
Let x ∈ Ik,NN , k = 0, . . . , N − 1. Then, by applying Lemma 1.32, we have that∫
IN
|Fm (x− t)| dµ (t) (1.46)
≤
cα
mα
|m|∑
i=0
Mαi
∫
IN
|KMi (x− t)| dµ (t) .
Let x ∈ Ik,NN , k = 0, . . . , N −1, t ∈ IN and xq 6= tq, whereN ≤ q ≤ |m|−1. By using
Lemma 1.11 and estimate (1.46) we get that∫
IN
|Fm (x− t)| dµ (t) (1.47)
≤
cα
mα
q−1∑
i=0
Mαi
∫
IN
Mkdµ (t) ≤
cαMkM
α
q
mαMN
≤
cαMk
MN
.
Let x ∈ Ik,NN , k = 0, . . . , N − 1, t ∈ IN and xN = tN , . . . , x|m|−1 = t|m|−1. By again
applying Lemma 1.11 and estimate (1.46) we have that∫
IN
|Fm (x− t)| dµ (t) ≤
cα
mα
|m|−1∑
i=0
Mαi
∫
IN
Mkdµ (t) ≤
cαMk
MN
. (1.48)
The proof follows by combining (1.45), (1.47) and (1.48).
Corollary 1.35 Let 0 < α < 1, m ≥MN and {qk : k ∈ N} be a sequence of non-increasing
numbers satisfying the conditions (1.39) and (1.40). Then there exists an absolute constant
cα, depending only on α, such that∫
IN
|Fm (x− t)| dµ (t) ≤
cαM
α
l Mk
M1+αN
, for x ∈ Ik,lN
where k = 0, . . . , N − 1, l = k + 2, . . . , N .
Proof: The proof readily follows Lemma 1.34 if we use additional condition n ≥ MN .
Remark 1.36 For some sequences {qk : k ∈ N} of non-increasing numbers conditions
(1.39) and (1.40) can be true or false independently.
,
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1.6 INTRODUCTION TO THE THEORY OF MARTINGALE HARDY SPACES
The σ-algebra generated by the intervals
{In (x) : x ∈ Gm}
will be denoted by ̥n (n ∈ N) .
A sequence f =
(
f (n) : n ∈ N
)
of integrable functions f (n) is said to be a martingale
with respect to the σ-algebras ̥n (n ∈ N) if (for details see e.g. Weisz [83])
1) fn is ̥n measurable for all n ∈ N,
2) SMnfm = fn for all n ≤ m.
The martingale f =
(
f (n), n ∈ N
)
is said to be Lp-bounded (0 < p ≤ ∞) if f
(n) ∈ Lp
and
‖f‖p := sup
n∈N
‖fn‖p <∞.
If f ∈ L1 (Gm) , then it is easy to show that the sequence F = (Enf : n ∈ N) is a
martingale. This type of martingales is called regular. If 1 ≤ p ≤ ∞ and f ∈ Lp (Gm) then
f =
(
f (n), n ∈ N
)
is Lp-bounded and
lim
n→∞
‖Enf − f‖p = 0
and consequently ‖F‖p = ‖f‖p (see [46]). The converse of the latest statement holds also
if 1 < p ≤ ∞ (see [46]): for an arbitrary Lp-bounded martingale f =
(
f (n), n ∈ N
)
there
exists a function f ∈ Lp (Gm) for which f
(n) = Enf. If p = 1, then there exists a function
f ∈ L1 (Gm) of the preceding type if and only if f is uniformly integrable (see [46]), namely,
if
lim
y→∞
sup
n∈N
∫
{|fn|>y}
|fn (x)| dµ (x) = 0.
Thus the map f → f := (Enf : n ∈ N) is isometric from Lp onto the space of Lp-
bounded martingales when 1 < p ≤ ∞. Consequently, these two spaces can be identified
with each other. Similarly, the space L1 (Gm) can be identified with the space of uniformly
integrable martingales.
Analogously, the martingale f =
(
f (n), n ∈ N
)
is said to be weak − Lp-bounded (0 <
p ≤ ∞) if f (n) ∈ Lp and
‖f‖weak−Lp := sup
n∈N
‖fn‖weak−Lp <∞.
The maximal function of a martingale f is defined by
f ∗ := sup
n∈N
∣∣f (n)∣∣ .
G.Tephnadze ,
40 1. Preliminaries March 5, 2018
In the case f ∈ L1(Gm), the maximal functions are also given by
f ∗ (x) := sup
n∈N
1
|In (x)|
∣∣∣∣∫
In(x)
f (u) dµ (u)
∣∣∣∣ .
For 0 < p <∞ the Hardy martingale spaces Hp consist of all martingales for which
‖f‖Hp := ‖f
∗‖p <∞.
If f =
(
f (n) : n ∈ N
)
is a martingale, then the Vilenkin-Fourier coefficients must be
defined in a slightly different manner:
f̂ (i) := lim
k→∞
∫
Gm
f (k)ψidµ.
The next Lemma can be found in [84] (see also book [55]):
Lemma 1.37 If f ∈ L1, then the sequence F := (SMnf : n ∈ N) is a martingale and
‖F‖Hp ∼
∥∥∥∥sup
n∈N
|SMnf |
∥∥∥∥
p
.
Moreover, if F := (SMnf : n ∈ N) is a regular martingale generated by f ∈ L1, then
F̂ (k) =
∫
G
f (x)ψk (x) dµ (x) = f̂ (k) , k ∈ N.
A bounded measurable function a is a p-atom if there exist an interval I such that∫
I
adµ = 0, ‖a‖∞ ≤ µ (I)
−1/p , supp (a) ⊂ I.
Next, we note that the Hardy martingale spaces Hp (Gm) for 0 < p ≤ 1 have atomic
characterizations (see e.g. Weisz [83, 84]):
Lemma 1.38 A martingale f =
(
f (n) : n ∈ N
)
is inHp (0 < p ≤ 1) if and only if there exist
a sequence (ak, k ∈ N) of p-atoms and a sequence (µk : k ∈ N) of real numbers such that,
for every n ∈ N,
∞∑
k=0
µkSMnak = f
(n), a.e., (1.49)
where
∞∑
k=0
|µk|
p <∞.
,
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Moreover,
‖f‖Hp ∽ inf
(
∞∑
k=0
|µk|
p
)1/p
,
where the infimum is taken over all decomposition of f =
(
f (n) : n ∈ N
)
of the form (1.49).
By using atomic characterization it can be easily proved that the following Lemmas hold
(see e.g. Weisz [84]):
Lemma 1.39 Suppose that an operator T is sub-linear and for some 0 < p ≤ 1∫
−
I
|Ta|p dµ ≤ cp <∞
for every p-atom a, where I denotes the support of the atom. If T is bounded from L∞ to
L∞, then
‖Tf‖p ≤ cp ‖f‖Hp .
Moreover, if p < 1, then we have the weak (1,1) type estimate
λµ {x ∈ Gm : |Tf (x)| > λ} ≤ ‖f‖1
for all f ∈ L1.
Lemma 1.40 Suppose that an operator T is sub-linear and for some 0 < p ≤ 1
sup
λ>0
λpµ
{
x ∈
−
I : |Tf | > λ
}
≤ cp < +∞
for every p-atom a, where I denote the support of the atom. If T is bounded from L∞ to L∞,
then
‖Tf‖weak−Lp ≤ cp ‖f‖Hp .
Moreover, if p < 1, then
λµ {x ∈ Gm : |Tf (x)| > λ} ≤ ‖f‖1 ,
for all f ∈ L1.
The concept of modulus of continuity inHp (p > 0) is defined by
ωHp
(
1
Mn
, f
)
:= ‖f − SMnf‖Hp .
We need to understand the meaning of the expression f −SMnf where f is a martingale
and SMnf is function. So, we give an explanation in the following remark:
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Remark 1.41 Let 0 < p ≤ 1. Since
SMnf = f
(n), for f =
(
f (n) : n ∈ N
)
∈ Hp
and (
SMkf
(n) : k ∈ N
)
= (SMkSMnf, k ∈ N)
=
(
SM0f, . . . , SMn−1f, SMnf, SMnf, . . .
)
=
(
f (0), . . . , f (n−1), f (n), f (n), . . .
)
we obtain that
f − SMnf =
(
f (k) − SMkf : k ∈ N
)
is a martingale, for which
(f − SMnf)
(k) =
{
0, k = 0, . . . . , n,
f (k) − f (n), k ≥ n + 1,
(1.50)
Watari [79] showed that there are strong connections between
ωp
(
1
Mn
, f
)
, EMn (Lp, f) and ‖f − SMnf‖p , p ≥ 1, n ∈ N.
In particular,
1
2
ωp
(
1
Mn
, f
)
≤ ‖f − SMnf‖p ≤ ωp
(
1
Mn
, f
)
(1.51)
and
1
2
‖f − SMnf‖p ≤ EMn (Lp, f) ≤ ‖f − SMnf‖p .
Remark 1.42 Since
‖f‖Hp ∼ ‖f‖p ,
when p > 1, by applying (1.51), we obtain that
ωHp
(
1
Mn
, f
)
∼ ωp
(
1
Mn
, f
)
.
,
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1.7 EXAMPLES OF p-ATOMS AND Hp MARINGALES
The next two Examples can be found in the papers [9] and [10] by Blahota, Ga´t and
Goginava (see also :
Example 1.43 Let 0 < p ≤ 1 and λ = supnmn. Then the function
ak :=
M
1/p−1
αk
λ
(
DMαk+1 −DMαk
)
is a p-atom. Moreover,
‖ak‖Hp ≤ 1.
Proof: Here we present the proof from Tephnadze [67] and [68]. Since
supp(ak) = Iαk ,
∫
Iαk
akdµ = 0
and
‖ak‖∞ ≤
M
1/p−1
αk
λ
Mαk+1 ≤M
1/p
αk
= (supp ak)
−1/p,
we conclude that ak is a p-atom.
Moreover, by using the orthonormality of Vilenkin functions, we find that
SMn
(
DMαk+1 −DMαk
)
=
{
0, n = 0, ..., αk,
DMαk+1 −DMαk , n ≥ αk + 1,
and
sup
n∈N
∣∣∣SMn (DMαk+1 (x)−DMαk (x))∣∣∣
=
∣∣∣DMαk+1 (x)−DMαk (x)∣∣∣ , for all x ∈ Gm.
If we invoke Lemma 1.37 we obtain that
‖ak‖Hp =
M
1/p−1
αk
λ
∥∥∥DMαk+1 −DMαk∥∥∥Hp
=
M
1/p−1
αk
λ
∥∥∥DMαk+1 −DMαk∥∥∥p
=
M
1/p−1
αk
λ
(∫
Iαk
\ Iαk+1
Mpαkdµ+
∫
Iαk+1
(Mαk+1 −Mαk)
p dµ
)1/p
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=
M
1/p−1
αk
λ
(
mαk − 1
Mαk+1
Mpαk +
(mαk − 1)
p
Mαk+1
Mpαk
)1/p
≤
M
1/p−1
αk
λ
·M1−1/pαk ≤ 1.
The proof is complete.
Example 1.44 Let 0 < p ≤ 1 and
fk = DM2nk+1 −DM2nk
.
Then
f̂k (i) =
{
1, i = M2nk , ...,M2nk+1 − 1,
0, otherwise,
(1.52)
and
Sifk =

Di −DM2nk
, i = M2nk + 1, ...,M2nk+1 − 1,
fk, i ≥M2nk+1,
0, otherwise.
(1.53)
Moreover,
‖fk‖Hp ≤ λM
1−1/p
2nk
, (1.54)
where λ = supnmn.
Proof: The proof follows by using Example 1.43 in the case when αk = 2nk. We leave
out the details.
The next three examples of regular martingales will be used frequently and it can be
found in Persson and Tephnadze [52]:
Example 1.45 LetMk ≤ n < Mk+1 and Snf be the n-th partial sum with respect to Vilenkin
systems, where f ∈ Hp for some 0 < p ≤ 1. Then Snf ∈ L1 for every fixed n ∈ N and
‖Snf‖Hp ≤
∥∥∥∥ sup
0≤l≤k
|SMlf |
∥∥∥∥
p
+ ‖Snf‖p
≤
∥∥∥S˜∗#f∥∥∥
p
+ ‖Snf‖p .
Proof: We consider the following martingale
f# = (SMlSn, l ∈ N)
f# := (SMkSnf, k ≥ 1) = (SM0 , ..., SMkf, ..., Snf, ..., Snf, ..) .
It immediately follows that
‖Snf‖Hp ≤
∥∥∥∥ sup
0≤l≤k
|SMlf |
∥∥∥∥
p
+ ‖Snf‖p ≤
∥∥∥S˜∗#f∥∥∥
p
+ ‖Snf‖p .
The proof is complete.
,
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Example 1.46 Let Mk ≤ n < Mk+1 and σnf be n-th Feje´r means with respect to Vilenkin
systems, where f ∈ Hp for some 0 < p ≤ 1. Then σnf ∈ L1 for every fixed n ∈ N and
‖σnf‖Hp ≤
∥∥∥∥ sup
0≤l≤k
|σMlf |
∥∥∥∥
p
+ ‖σnf‖p ≤
∥∥σ˜∗#f∥∥p + ‖σnf‖p .
Proof: We consider the following martingale
f# = (SMkσnf, k ≥ 1)
=
(
M0σM0
n
, ...,
MkσMkf
n
, ..., σnf, ..., σnf, ...
)
.
and if we follow analogous steps as in Example 1.45 we readily can complete the proof.
Thus, we leave out the details.
The next five Examples of martingales will be used many times to prove sharpness of
our main results (c.f. the papers [66], [69], [71], [72], [73] by Tephnadze).
Example 1.47 Let 0 < p ≤ 1, λ = supnmn, {λk : k ∈ N} be a sequence of real numbers
R, such that
∞∑
k=0
|λk|
p ≤ cp <∞ (1.55)
and {ak : k ∈ N} be a sequence of p-atoms, defined by
ak :=
M
1/p−1
2αk
λ
(
DM2αk+1 −DM2αk
)
. (1.56)
Then f =
(
f (n) : n ∈ N
)
, where
f (n) :=
∑
{k: 2αk<n}
λkak
is a martingale, f ∈ Hp and
f̂(j) (1.57)
=

λkM
1/p−1
2αk
λ
, j ∈ {M2αk , ..., M2αk+1 − 1} , k ∈ N+,
0, j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
Moreover,
ωHp
(
1
Mn
, f
)
= O
 ∞∑
{k; 2αk≥n}
|λk|
p
1/p , when n→∞, (1.58)
for all 0 < p ≤ 1.
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LetM2αl−1+1 ≤ j ≤M2αl , l ∈ N+. Then
Sjf = SM2αl−1+1 =
l−1∑
η=0
ληM
1/p−1
2αη
λ
(
DM2αη+1 −DM2αη
)
. (1.59)
LetM2αl ≤ j < M2αl+1, l ∈ N+. Then
Sjf = SM2αl +
λlM
1/p−1
2αl
ψ2αlDj−M2αl
λ
(1.60)
=
l−1∑
η=0
ληM
1/p−1
2αη
λ
(
DM2αη+1 −DM2αη
)
+
λlM
1/p−1
2αl
ψM2αl
Dj−M2αl
λ
.
Proof: Since
SMnak =
{
ak, αk < n,
0, αk ≥ n,
by applying Lemma 1.38 and (1.55) we can conclude that f ∈ Hp. Furthermore, in view of
(1.50) in Remark 1.41 we immediately get also the estimate of Hp modulus of continuity of
the martingale f .
Let j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} . By using orthonormality of Vilenkin functions
we find that
âk(j) =
∫
Gm
M
1/p−1
2αk
λ
(
DM2αk+1 −DM2αk
)
ψidµ = 0
and
f̂(j) = lim
n→∞
∫
Gm
∑
{k: 2αk<n}
λkakψidµ (1.61)
= lim
n→∞
∑
{k: 2αk<n}
λk
∫
Gm
akψidµ = 0.
Let j ∈ {M2αk , ..., M2αk+1 − 1} , for some k ∈ N. Then, for every l ∈ N we can
conclude that
âl(j) =
M
1/p−1
2αl
λ
∫
Gm
(
DM2αl+1 −DM2αl
)
ψidµ =
M
1/p−1
2αl
λ
δl,k,
where δl,k is Kronecker symbol. It follows that
f̂(j) = lim
n→∞
∑
{l: 2αk<n}
λl
∫
Gm
alψidµ (1.62)
,
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= lim
n→∞
∑
{l: 2αl<n}
λlM
1/p−1
2αl
λ
δl,k =
λkM
1/p−1
2αk
λ
.
LetM2αl−1+1 + 1 ≤ j ≤ M2αl . In the view of (1.59) we can conclude that
Sjf = SM2αl−1+1f =
M2αl−1+1−1∑
v=0
f̂(v)ψv (1.63)
=
l−1∑
η=0
M2αη+1−1∑
v=M2αη
ληM
1/p−1
2αη
λ
ψv
=
l−1∑
η=0
ληM
1/p−1
2αη
λ
(
DM2αη+1 −DM2αη
)
.
LetM2αl ≤ j < M2αl+1.We apply (1.60) and invoke (1.11) in Lemma 1.2 to obtain that
Sjf = SM2αlf +
j−1∑
v=M2αl
f̂(v)ψv (1.64)
= SM2αlf +
λlM
1/p−1
2αl
λ
j−1∑
v=M2αl
ψv
= SM2αlf +
λlM
1/p−1
2αl
λ
(
Dj −DM2αl
)
= SM2αlf +
λlM
1/p−1
2αl
ψM2αl
Dj−M2αl
λ
.
If we take (1.63) obtained by j = M2αl into account we can rewrite (1.64) as
Sjf =
l−1∑
η=0
ληM
1/p−1
2αη
λ
(
DM2αη+1 −DM2αη
)
+
λlM
1/p−1
2αl
λ
(
Dj −DM2αl
)
.
By using (1.50) we get that
(f − SMnf)
(k) =
{
0, k = 0, . . . . , n,
f (k) − f (n), k ≥ n + 1,
(1.65)
=
{
0, k = 0, . . . , n,∑k
l=n+1 µlSMnal, k ≥ n+ 1.
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According to Lemma 1.38 we conclude that (1.65) is an atomic decomposition of the
martingale f − SMnf ∈ Hp and
ωHp
(
1
Mn
, f
)
∽
(
∞∑
k=n+1
|µk|
p
)1/p
<∞.
The proof is complete.
Sometimes, we will use the martingale defined in the next example.
Example 1.48 Let 0 < p ≤ 1, λ = supn∈Nmn, {λk : k ∈ N} be a sequence of real numbers
R, such that
∞∑
k=0
|λk|
p ≤ cp <∞. (1.66)
and {ak : k ∈ N} be a sequence of p-atoms, defined by
ak :=
M
1/p−1
|αk|
λ
(
DM|αk |+1
−DM
|αk|
)
,
where |αk| := max {j ∈ N : (αk)j 6= 0} and (αk)j denotes the j-th binary coefficient of
αk ∈ N+. Then f =
(
f (n) : n ∈ N
)
, where
f (n) :=
∑
{k: |αk|<n}
λkak.
is a martingale, f ∈ Hp and
ωHp
(
1
Mn
, f
)
= O
 ∞∑
{k: |αk|≥n}
|λk|
p
1/p , when n→∞, (1.67)
for all 0 < p ≤ 1. Moreover
f̂(j) (1.68)
=

λkM
1/p−1
|αk|
λ
, j ∈
{
M|αk|, ..., M|αk|+1 − 1
}
, k ∈ N+,
0, j /∈
∞⋃
k=1
{
M|αk|, ..., M|αk|+1 − 1
}
.
LetM|αl−1|+1 ≤ j ≤M|αl|, l ∈ N+. Then
Sjf = SM|αl−1|+1
=
l−1∑
η=0
ληM
1/p−1
|αη |
λ
(
DM
|αη |+1
−DM
|αη |
)
. (1.69)
,
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LetM|αl| ≤ j < M|αl|+1, l ∈ N+. Then
Sjf = SM|αl|
+
λlM
1/p−1
|αl|
ψM|αl|
Dj−M
|αl|
λ
(1.70)
=
l−1∑
η=0
ληM
1/p−1
|αη |
λ
(
DM
|αη |+1
−DM
|αη |
)
+
λlM
1/p−1
|αl|
ψM|αl|
Dj−M|αl|
λ
.
Proof: The proof is quite analogously to the proof of Example 1.47. Hence, we leave
out the details.
For our further investigations it is convenient to fix sequence {λk : k ∈ N} . In many
cases such appropriate choice can be the following sequence{
λ/α
1/2
k : k ∈ N
}
.
Example 1.49 Let 0 < p ≤ q ≤ 1, λ = supn∈Nmn and {αk : k ∈ N} be an increasing
sequence of positive integers such that
∞∑
k=0
1
α
p/2
k
<∞, (1.71)
k−1∑
η=0
M
1/p
2αη
α
1/2
η
<
M
1/p
2αk
α
1/2
k
, (1.72)
and
32λM
1/p
2αk−1
α
1/2
k−1
<

M
1/p
αk
α
3/2
k
p = q
M
1/p−1/q
αk
α
3/2
k
p < q
(1.73)
For the given sequence {αk : k ∈ N}, which satisfy conditions (1.71)-(1.73) we define a
martingale f =
(
f (n) : n ∈ N
)
, where
f (n) :=
∑
{k: 2αk<n}
λkak,
and
λk =
λ
α
1/2
k
and ak :=
M
1/p−1
2αk
λ
(
DM2αk+1 −DM2αk
)
.
Then f ∈ Hp and
f̂(j) (1.74)
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=

M
1/p−1
2αk
α
1/2
k
, j ∈ {M2αk , ..., M2αk+1 − 1} , k ∈ N+,
0, j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
For every l ∈ N we have the following identities
Sjf =

SM2αl−1+1, M2αl−1+1 ≤ j ≤M2αl ,
SM2αl +
M
1/p−1
2αl
ψM2αl
Dj−M2αl
α
1/2
l
, M2αl ≤ j < M2αl+1.
(1.75)
Moreover,
|Sjf | ≤
2λMp2αk−1
α
1/2
k−1
, for all 0 ≤ j ≤M2αk and 0 < p ≤ q ≤ 1 (1.76)
and ∣∣∣SM2αk+1f ∣∣∣ ≥ M1/p−12αk4α1/2k , 0 < p < q < 1. (1.77)
Proof: First, we note that such an increasing sequence {αk : k ∈ N} which satisfies
conditions (1.71)-(1.73), can be constructed.
By applying (1.71) we conclude that condition (1.55) is satisfied and we can invoke
Lemma 1.71 to obtain that the martingale f =
(
f (n) : n ∈ N
)
∈ Hp.
Since
λkM
1/p−1
2αk
λ
=
M
1/p−1
2αk
α
1/2
k
,
according to (1.61) and (1.62), we find that Fourier coefficients are given by equality (1.74).
LetM2αl−1+1 +1 ≤ j ≤M2αl , where 1 ≤ l ≤ k. In view of (1.74) we can conclude that
Sjf = SM2αl−1+1f =
M2αl−1+1−1∑
v=0
f̂(v)ψv (1.78)
=
l−1∑
η=0
M2αη+1−1∑
v=M2αη
M
1/p−1
2αη
α
1/2
η
ψv
=
l−1∑
η=0
M
1/p−1
2αη
α
1/2
η
(
DM2αη+1 −DM2αη
)
.
Let M2αl ≤ j < M2αl+1, where 1 ≤ l ≤ k.We apply (1.74) again and invoke (1.11) in
Lemma 1.74 to obtain that
Sjf = SM2αlf +
j−1∑
v=M2αl
f̂(v)ψv (1.79)
,
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= SM2αlf +
M2αl
α
1/2
l
j−1∑
v=M2αl
ψv
= SM2αlf +
M2αl
α
1/2
l
(
Dj −DM2αl
)
= SM2αlf +
M2αlψ2αlDj−M2αl
α
1/2
l
.
By combining (1.78) and (1.79) we get the identities given by (1.75).
Moreover, if we take (1.78) obtained by letting j = M2αl we can rewrite (1.79) as
Sjf =
l−1∑
η=0
M
1/p−1
2αη
α
1/2
η
(
DM2αη+1 −DM2αη
)
(1.80)
=
l−1∑
η=0
M
1/p−1
2αη
α
1/2
η
(
DM2αη+1 −DM2αη
)
+
M
1/p−1
2αl
α
1/2
l
(
Dj −DM2αl
)
.
LetM2αl−1+1 − 1 ≤ j ≤ M2αl , where 1 ≤ l ≤ k. Then, according to (1.72) and (1.80),
we get that
|Sjf | ≤
l−1∑
η=0
λM
1/p
2αη−1
α
1/2
η−1
(1.81)
=
l−2∑
η=0
λM
1/p
2αη−1
α
1/2
η−1
+
λM
1/p
2αl−1
α
1/2
l−1
≤
2λM
1/p
2αl−1
α
1/2
l−1
≤
2λM
1/p
2αk−1
α
1/2
k−1
.
Let M2αl ≤ j < M2αl+1, where 1 ≤ l ≤ k − 1. In view of (1.72) and (1.80) we can
conclude that
|Sjf | ≤
l−1∑
η=0
λM
1/p
2αη−1
α
1/2
η−1
+
M
1/p−1
2αl
j
α
1/2
l
(1.82)
≤
λM
1/p
2αl
α
1/2
l
+
λM
1/p
2αl
α
1/2
l
=
λM
1/p
2αl
α
1/2
l
≤
2λM
1/p
2αk−1
α
1/2
k−1
.
Estimates (1.82) and (1.81) insure us that (1.76) is satisfied.
Let 0 < p < q < 1. By combining (1.73) and (1.74) with the expression (1.81) obtained
by taking j = M2αkwe see that∣∣∣SM2αk+1f ∣∣∣ =
∣∣∣∣∣M
1/p−1
2αk
α
1/2
k
ψM2αk + SM2αkf
∣∣∣∣∣
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=
∣∣∣∣∣M
1/p−1
2αk
α
1/2
k
ψM2αk + SM2αk−1+1f
∣∣∣∣∣
≥
∣∣∣∣∣M
1/p−1
2αk
α
1/2
k
ψM2αk
∣∣∣∣∣− ∣∣∣SM2αk−1+1f ∣∣∣
≥
M
1/p−1
2αk
α
1/2
k
−
2λM
1/p
2αk−1
α
1/2
k−1
≥
M
1/p−1
2αk
α
1/2
k
−
M
1/p−1/q
αk
16α
3/2
k
≥
M
1/p−1
2αk
α
1/2
k
−
M
1/p−1
αk
16α
3/2
k
≥
M
1/p−1
2αk
4α
1/2
k
.
The proof is complete.
Remark 1.50 It is obvious that if we cancel condition (1.73) in Example 1.49 we still get
that f =
(
f (n) : n ∈ N
)
∈ Hp and equality (1.74) and estimate (1.76) is valid. Moreover,
(1.80)-(1.81) are still fulfilled.
In the next chapter we many times will use a martingale, with the following fixed se-
quence {λk : k ∈ N} :
Example 1.51 Let 0 < p ≤ 1, λ = supn∈Nmn and {Φk : k ∈ N} be sequence of non-
negative and nondecreasing numbers, such that
∞∑
k=1
1
Φ
p/4
M2αk
<∞. (1.83)
For this given sequence {αk : k ∈ N}, which satisfies condition (1.83) we define a mar-
tingale f =
(
f (n) : n ∈ N
)
, where
f (n) :=
∑
{k: 2αk<n}
λkak
and
λk =
λ
Φ
1/4
M2αk
, ak =
M
1/p−1
2αk
λ
(
DM2αk+1 −DM2αk
)
.
Then f =
(
f (n) : n ∈ N
)
∈ Hp. Moreover,
f̂(j) =

M
1/p−1
2αk
Φ
1/4
M2αk
, j ∈ {M2αk , ..., M2αk+1 − 1} , k ∈ N+,
0, j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
(1.84)
,
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Proof: The proof is quite analogously to the proof of Example 1.47. Hence, we leave
out the details.
Sometimes an appropriate choice of sequence will be the following{
λk = λ/M
1/p
k : k ∈ N
}
.
Example 1.52 Let 0 < p ≤ 1, λ = supn∈Nmn and
f (n) =
∑
{k:2Mk<n}
λkak,
where
λk :=
λ
M
1/p
k
and ak :=
M
1/p−1
2Mk
λ
(
DM2Mk+1 −DM2Mk
)
.
Then f =
(
f (n) : n ∈ N
)
∈ Hp, for all 0 < p ≤ 1. Moreover,
f̂(j) =

M
1/p−1
2Mi
M
1/p
i
, j ∈ {M2Mi , ...,M2Mi+1 − 1} , i ∈ N+,
0, j /∈
∞⋃
i=0
{M2Mi , ...,M2Mi+1 − 1} ,
(1.85)
and
ωHp
(
1
Mn
, f
)
= O
(
1
n1/p
)
, when n→∞. (1.86)
LetM2Mi ≤ j < M2Mi+1, l ∈ N+. Then
Sjf = SM2Mi +
M1/p−1
2Mi
ψM2MiDj−M2Mi
M
1/p
i
. (1.87)
Proof: This example is a simple consequence of Example 1.47 if we take αk = Mk and
λk = λ/M
1/p
k . Since
∞∑
k=0
|λk|
p ≤ c
∞∑
k=0
1
Mk
≤ c
∞∑
k=0
1
2k
< c <∞,
we obtain that f =
(
f (n) : n ∈ N
)
∈ Hp, for all 0 < p ≤ 1.
In view of (1.67) we can conclude that
ωHp
(
1
Mn
, f
)
∽
 ∑
{k; 2Mk≥n}
1
Mk
1/p ≤
 ∑
{k; 2k+1≥n}
1
2k

1/p
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≤
 ∑
{k; k≥logn2 −1}
1
2k
1/p ≤ ( 1
2log
n
2 −1
)1/p
= O
(
1
n1/p
)
→∞, when n→∞.
If we apply (1.60) obtained by taking αk = Mk we immediately get equality (1.87). So
the proof is complete.
,
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2 FOURIER COEFFICIENTS AND PARTIAL SUMS OF VILENKIN-FOURIER SERIES ON
MARTINGALE HARDY SPACES
2.1 SOME CLASSICAL RESULTS ON THE VILENKIN-FOURIER COEFFICIENTS AND PAR-
TIAL SUMS OF VILENKIN-FOURIER SERIES
According to the Riemann-Lebesgue lemma (for details see e.g. the book [55]) we obtain
that
f̂ (k) → 0, when k →∞,
for each f ∈ L1.
Moreover, ∣∣∣f̂ (n)∣∣∣ ≤ 1
2
ω1
(
1
MN
, f
)
,
whereMN ≤ n ≤MN+1 and f ∈ L1.
It is well-known (see e.g. the books [2] and [55] ) that if f ∈ L1 and the Vilenkin series
T (x) =
∞∑
j=0
cjψj (x)
convergences to f in L1-norm, then
cj =
∫
Gm
fψjdµ := f̂ (j) ,
i.e. in this case the approximation series must be a Vilenkin-Fourier series. An analogous re-
sult is true also if the Vilenkin series convergences uniformly onGm to an integrable function
f .
Since H1 ⊂ L1 it yields that f̂ (k) → 0 when k → ∞, for every f ∈ H1. The classical
inequality of Hardy type is well known in the trigonometric as well as in the Vilenkin-Fourier
analysis. Namely,
∞∑
k=1
∣∣∣f̂ (k)∣∣∣
k
≤ c ‖f‖H1 ,
where the function f belongs to the Hardy space H1 and c is an absolute constant. This was
proved in the trigonometric case by Hardy and Littlewood [37] (see also the book [11]) and
for the Walsh system it was proved in the book [55].
Weisz [81, 83] generalized this result for the bounded Vilenkin systems and proved that
there is an absolute constant cp, depending only on p, such that
∞∑
k=1
∣∣∣f̂ (k)∣∣∣p
k2−p
≤ cp ‖f‖Hp , (f ∈ Hp, 0 < p ≤ 2) (2.1)
G.Tephnadze ,
56 2. Fourier coefficients and partial sums of Vilenkin-Fourier series on Martingale Hardy spaces March 5, 2018
Paley [48] proved that the Walsh-Fourier coefficients of a function f ∈ Lp (1 < p < 2)
satisfy the condition
∞∑
k=1
∣∣∣f̂ (2k)∣∣∣2 <∞.
This results fails to hold for p = 1. However, it in fact holds for functions f ∈ L1, such
that the maximal function f ∗ belongs L1, i.e f ∈ H1 (see e.g the book [11]).
Let 0 < p ≤ 1 and f ∈ Hp. For Vilenkin systems the following inequality was proved
by Simon and Weisz [62]:(
∞∑
k=1
M
2−2/p
k
mk−1∑
j=1
∣∣∣f̂ (jMk)∣∣∣2
)1/2
≤ cp ‖f‖Hp . (2.2)
By using the Lebesgue constants we easily obtain that Snkf convergence to f in L1-
norm, for every integrable function f , if and only if supk Lnk ≤ c < ∞. There are various
results when p > 1. It is also well-known that (see e.g. the book [55])
‖Snf‖p ≤ cp ‖f‖p , when p > 1,
but it can be proved also a more stronger result (see e.g. the book [55]):
‖S∗f‖p ≤ cp ‖f‖p , when f ∈ Lp, p > 1.
Uniform and point-wise convergence and some approximation properties of partial sums
in L1 norms was investigated by Goginava [30] (see also [31]), Shneider [64] and Avdispahic´
and Memic´ [1]. Fine [12] derived sufficient conditions for the uniform convergence, which
are in complete analogy with the Dini-Lipschitz conditions. Gulic´ev [36] estimated the rate
of uniform convergence of a Walsh-Fourier series using Lebesgue constants and modulus of
continuity. Uniform convergence of subsequences of partial sums was investigated also in
Goginava and Tkebuchava [34]. This corresponding problem was considered for Vilenkin
groups Gm by Fridli [13] and Ga´t [21].
It is known (for details see e.g. the books [55] and [81, 83]) that the subsequence SMn of
the partial sums is bounded from the martingale Hardy space Hp to the Lebesgue space Lp,
for all p > 0. However, (see Tephnadze [72]) there exists a martingale f ∈ Hp (0 < p < 1) ,
such that
sup
n∈N
‖SMn+1f‖weak−Lp = ∞.
The reason of the divergence of SMn+1f is that when 0 < p < 1 the Fourier coefficients of
f ∈ Hp are not uniformly bounded (see Tephnadze [71]). However, Simon [60] proved that
there exists an absolute constant cp, depending only on p, such that
∞∑
k=1
‖Skf‖
p
p
k2−p
≤ cp ‖f‖
p
Hp
, (0 < p < 1)
,
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for all f ∈ Hp.
It is also well-known that Vilenkin systems do not form bases in the space L1.Moreover,
there is a function in the Hardy spaceH1, such that the partial sums of f are not bounded in
the L1-norm. However, in Ga´t [18] the following strong convergence result was obtained:
lim
n→∞
1
log n
n∑
k=1
‖Skf − f‖1
k
= 0
for all f ∈ H1.
For the trigonometric analogue see Smith [63] and for theWalsh-Paley system see Simon
[58].
Moreover, there exists an absolute constant c, such that
1
logn
n∑
k=1
‖Skf‖1
k
≤ c ‖f‖H1 (n = 2, 3...)
and
lim
n→∞
1
log n
n∑
k=1
‖Skf‖1
k
= ‖f‖H1 ,
for all f ∈ H1 .
2.2 ESTIMATIONS OF THE VILENKIN-FOURIER COEFFICIENTS ON MARTINGALE HARDY
SPACES
In this section we prove that the Fourier coefficients of f ∈ Hp, 0 < p < 1, are not
uniformly bounded. Moreover, we prove a new estimate of the Vilenkin-Fourier coefficients
(see Theorem 2.1). By applying this estimate we can obtain an independent proof of (2.1)
and (2.2).
The next theorem can be found in Tephnadze [71]:
Theorem 2.1 a)Let 0 < p < 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that ∣∣∣f̂ (n)∣∣∣ ≤ cpn1/p−1 ‖f‖Hp .
b) Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence, satisfying the condition
lim
n→∞
n1/p−1
Φn
=∞. (2.3)
Then there exists a martingale f ∈ Hp, such that
lim
n→∞
∣∣∣f̂ (n)∣∣∣
Φn
=∞.
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Proof: Since (
∞∑
k=0
|λk|
)p
≤
∞∑
k=0
|λk|
p , (0 < p ≤ 1)
by applying Lemma 1.38 we obtain that the proof of part a) will be complete if we show that
|â (n)|
(n + 1)1/p−1
≤ c <∞ , when 0 < p < 1,
for every p-atom a, where I denotes the support of the atom.
Let a be an arbitrary p-atom with support I and µ (I) = M−1N . We may assume that
I = IN . It is easy to see that â (n) = 0 when n ≤ MN . Therefore, we can suppose that
n > MN .
According to the estimate ‖a‖∞ ≤M
1/p
N we can write that
|â (n)|
(n+ 1)1/p−1
≤
1
(n+ 1)1/p−1
∫
IN
‖a‖∞ dµ (2.4)
≤
1
(n+ 1)1/p−1
∫
IN
M
1/p
N dµ =
M
1/p
N |IN |
(n+ 1)1/p−1
≤
M
1/p−1
N
(n + 1)1/p−1
≤ c <∞, when 0 < p < 1.
It follows that ∣∣∣f̂ (n)∣∣∣ ≤ cpn1/p−1 ‖f‖Hp
and the proof of the part a) is complete.
Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing, non-negative sequence, sat-
isfying condition (2.3). Then, for every 0 < p < 1, there exists an increasing sequence
{αk : k ∈ N} of positive integers such that
lim
k→∞
M
(1/p−1)/2
2αk
Φ
1/2
M2αk
=∞
and
∞∑
k=0
Φ
p/2
M2αk
M
(1−p)/2
2αk
<∞. (2.5)
Let f =
(
f (n), n ∈ N
)
be from Example 1.47, where
λk =
λΦ
1/2
M2αk
M
(1/p−1)/2
2αk
. (2.6)
,
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In view of (2.5) we conclude that (1.55) is satisfied and by using Example 1.47 we obtain
that f ∈ Hp.
By now using (1.81) with λk defined by (2.6) we readily see that
f̂(j) = (2.7)
=
 M
(1/p−1)/2
2αk
Φ
1/2
M2αk
, j ∈ {M2αk , ..., M2αk+1 − 1} , k ∈ N,
0, j /∈
∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
By combining (2.6) and (2.7) we find that
lim
n→∞
f̂(n)
Φn
≥ lim
k→∞
f̂(M2αk)
ΦM2αk
≥ lim
k→∞
M
(1/p−1)/2
2αk
Φ
1/2
M2αk
ΦM2αk
≥ lim
k→∞
M
(1/p−1)/2
2αk
Φ
1/2
M2αk
= ∞.
The proof is complete.
2.3 HARDY AND PALEY TYPE INEQUALITIES ON MARTINGALE HARDY SPACES
By using Theorem 2.1 we prove Hardy type inequality (2.1) for 0 < p ≤ 1. Moreover, we
also show (see Tephnadze [69]) that the sequence {1/k2−p : k ≥ 0} in the inequality below
can not be improved:
Theorem 2.2 a)Let 0 < p ≤ 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
∞∑
k=1
∣∣∣f̂ (k)∣∣∣p
k2−p
≤ cp ‖f‖
p
Hp
.
b) Let {Φn : n ∈ N} be any non-decreasing sequence, satisfying the condition
lim
n→∞
Φn = +∞.
Then there exists a martingale f ∈ Hp, such that
∞∑
k=1
∣∣∣f̂ (k)∣∣∣p Φk
k2−p
= ∞, (0 < p ≤ 2) .
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Proof: By applying Lemma 1.38 we obtain that the proof of the part a) will be complete,
if we show that
∞∑
k=1
|â (k)|p
k2−p
< c <∞.
for every p-atom a (0 < p ≤ 1) , where I denotes the support of the atom. Let a be an ar-
bitrary p-atom with support I and µ (I) = M−1N . Analogously we may assume that I = IN
and n > MN .
First, we consider the case 0 < p < 1. According to (2.4) in Theorem 2.1 we readily get
that
∞∑
k=MN+1
|â (k)|p
k2−p
≤
∞∑
k=MN+1
1
k
∣∣∣∣ â (k)k1/p−1
∣∣∣∣p
≤
∞∑
k=MN+1
1
k
M1−pN
k1−p
≤M1−pN
∞∑
k=MN+1
1
k2−p
≤ cp <∞.
Let p = 1. Hence, Schwatz and Bessel inequalities imply that
∞∑
k=MN+1
|â (k)|
k
(2.8)
≤
(
∞∑
k=MN+1
|â (k)|2
)1/2( ∞∑
k=MN+1
1
k2
)1/2
≤
1
M
1/2
N
‖a‖2
=
1
M
1/2
N
∫
IN
|a|2 dµ
1/2
=
1
M
1/2
N
∫
IN
M2Ndµ
1/2
=
1
M
1/2
N
M
1/2
N < c <∞.
,
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The proof of part a) is complete.
Next we note that for every 0 < p < 1 there exists an increasing sequence {αk ≥ 2 : k ∈ N}
of positive integers such that
lim
k→∞
Φ
1/2
M2αk
= ∞
and
∞∑
k=1
1
Φ
p/4
M2αk
<∞. (2.9)
Let f =
(
f (n), n ∈ N
)
be the martingale defined in Example 1.51. According to (2.9)
we conclude that f ∈ Hp.
Moreover, by using (1.84) from Example 1.51 and obvious estimates we find that
M2αk+1−1∑
l=1
∣∣∣f̂ (l)∣∣∣pΦl
l2−p
=
k∑
n=1
M2αn+1−1∑
l=M2αn
∣∣∣f̂ (l)∣∣∣pΦl
l2−p
≥
M2αk+1−1∑
l=M2αk
∣∣∣f̂ (l)∣∣∣p Φl
l2−p
≥ cΦM2αk
M2αk+1−1∑
l=M2αk
∣∣∣f̂ (l)∣∣∣p
l2−p
≥ cΦM2αk
M1−p2αk
Φ
p/4
M2αk
M2αk+1−1∑
l=M2αk
1
l2−p
≥ cΦ
1/2
M2αk
M1−p2αk
M2αk+1−1∑
l=M2αk
1
M2−p2αk+1
≥ cΦ
1/2
M2αk
M1−p2αk
1
M1−p2αk+1
≥ cΦ
1/2
M2αk
→∞, when k →∞.
The proof is complete.
By using Theorem 2.1 we can also prove a Paley type inequality (2.2) for 0 < p ≤ 1.
Moreover, we show (see Tephnadze [69]) that the sequence
{
1/M
2−2/p
k : k ∈ N
}
in the
inequality below can not be improved:
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Theorem 2.3 a)Let 0 < p ≤ 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that(
∞∑
k=1
M
2−2/p
k
mk−1∑
j=1
∣∣∣f̂ (jMk)∣∣∣2
)1/2
≤ cp ‖f‖Hp .
b) Let 0 < p ≤ 1 and {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
lim
n→∞
Φn = +∞.
Then there exists a martingale f ∈ Hp, such that
∞∑
k=1
ΦMk
M
2/p−2
k
mk−1∑
j=1
∣∣∣f̂ (jMk)∣∣∣2 =∞.
Proof: First, we consider case 0 < p < 1. By applying Lemma 1.38 for the proof of the
part a) it suffices to show that
∞∑
k=N+1
M
2−2/p
k
mk−1∑
j=1
|â (jMk)|
2 ≤ c <∞
for every p-atom a with support I = IN .
According to (2.4) in Theorem 2.1 we readily get that
∞∑
k=N+1
M
2−2/p
k
mk−1∑
j=1
|â (jMk)|
2
≤
∞∑
k=N+1
m
2−2/p
k
mk−1∑
j=1
∣∣∣∣∣ â (jMk)(jMk)1/p−1
∣∣∣∣∣
2
≤
∞∑
k=N+1
m
2−2/p
k
mk−1∑
j=1
(
M
1/p−1
N
(jMk)
1/p−1
)2
≤M
2/p−2
N
∞∑
k=N+1
m3k
1
M
2/p−2
k
≤ cp <∞.
Analogously to (2.8) we can prove this result also in the case when p = 1, so the proof
of part a) is complete for every 0 < p ≤ 1.
On the other hand, to prove part b) we use the construction of martingale from Example
1.51 (see also part b) of Theorem 2.2). According to (1.84) in Example 1.51 we get that
k∑
l=1
M
2−2/p
2αl
ΦM2αl
mαl−1∑
j=1
∣∣∣f̂ (jM2αl)∣∣∣2
,
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≥M
2−2/p
2αk
ΦM2αk
mαk−1∑
j=1
∣∣∣f̂ (jM2αk)∣∣∣2
≥ cM
2−2/p
2αk
ΦM2αk
mαk−1∑
j=1
M
2/p−2
2αk
Φ
1/2
M2αk
≥ cΦ
1/2
M2αk
→∞, when k →∞.
The proof is complete.
2.4 MAXIMAL OPERATORS OF PARTIAL SUMS OF VILENKIN-FOURIER SERIES ON MAR-
TINGALE HARDY SPACES
In this section we will consider weighted Maximal operators of partial sums of Vilenkin-
Fourier series and prove (Hp, Lp) and (Hp, weak − Lp) type inequalities. We also show
sharpness of these theorems in a special sense.
The next theorem can be found in Tephnadze [72].
Theorem 2.4 a) Let 0 < p < 1. Then the maximal operator
S˜∗pf := sup
n∈N
|Snf |
(n+ 1)1/p−1
is bounded from the Hardy spaceHp to the Lebesgue space Lp.
b) Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence satisfying the
condition
lim
n→∞
n1/p−1
Φn
= +∞. (2.10)
Then
sup
k∈N
∥∥∥∥SM2nk+1fkΦM2nk+2
∥∥∥∥
weak−Lp
‖fk‖Hp
= ∞.
Proof: Let 0 < p < 1. Since
∼
S
∗
p is bounded from L∞ to L∞ by Lemma 1.39 we obtain
that the proof of part a) will be complete if we show that∫
I
∣∣∣∣∼S∗pa∣∣∣∣p dµ ≤ c <∞
for every p-atom a, where I denotes the support of the atom.
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Let a be a p-atom with support I and µ (I) = MN . We may assume that I = IN . It is
easy to see that Sn (a) = 0 when n ≤MN . Therefore, we can suppose that n > MN .
Since ‖a‖∞ ≤M
1/p
N it yields that
|Sn (a)| ≤
∫
IN
|a (t)| |Dn (x− t)| dµ (t)
≤ ‖a‖∞
∫
IN
|Dn (x− t)| dµ (t)
≤M
1/p
N
∫
IN
|Dn (x− t)| dµ (t) .
Let 0 < p < 1 and x ∈ Is\Is+1. From Lemma 1.6 we get that
|Sna (x)|
(n+ 1)1/p−1
≤
cM
1/p−1
N Ms
(n+ 1)1/p−1
. (2.11)
Since n > MN we can conclude that
|Sna (x)|
(n+ 1)1/p−1
≤ cMs, for x ∈ Is\Is+1, 0 ≤ s ≤ N − 1. (2.12)
The expression on the right-hand side of (2.12) does not depend on n. Therefore,∣∣∣S˜∗pa (x)∣∣∣ ≤ cMs. (2.13)
By combining (1.1) and (2.13) we obtain that∫
IN
∣∣∣S˜∗pa (x)∣∣∣p dµ (x)
=
N−1∑
s=0
∫
Is\Is+1
∣∣∣S˜∗pa (x)∣∣∣p dµ (x)
≤ cp
N−1∑
s=0
Mps
Ms
< cp <∞.
The proof of part a) is complete.
Let 0 < p < 1. Under condition (2.10) there exists positive integers {nk : k ∈ N} such
that
lim
k→∞
(M2nk + 2)
1/p−1
ΦM2nk+2
= ∞, 0 < p < 1.
,
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To prove part b) we will apply the p-atoms from Example 1.44. By combining (1.52) and
(1.53) we obtain that ∣∣∣SM2nk+1fk∣∣∣
ΦM2nk+2
=
∣∣∣DM2nk+1 −DM2nk ∣∣∣
ΦM2nk+2
=
∣∣∣ψM2nk ∣∣∣
ΦM2nk+2
=
1
ΦM2nk+2
.
Hence,
µ
x ∈ Gm :
∣∣∣SM2nk+1fk (x)∣∣∣
ΦM2nk+2
≥
1
ΦM2nk+2
 = 1. (2.14)
By combining (1.54) and (2.14) we have that
1
ΦM2nk+2
(
µ
{
x ∈ Gm :
∣∣∣SM2nk+1fk
∣∣∣
ΦM2nk+2
≥ 1
ΦM2nk+2
})1/p
‖fk‖Hp
≥
1
ΦM2nk+2M
1−1/p
2nk
=
(
M
2nk
+ 2
)1/p−1
ΦM2nk+2
→∞, when k →∞.
The proof is complete.
The next corollary is very important for our further investigation:
Corollary 2.5 Let 0 < p < 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
‖Snf‖p ≤ cp (n + 1)
1/p−1 ‖f‖Hp , n ∈ N+.
Proof: According to part a) of Theorem 2.4 we conclude that∥∥∥∥∥ Snf(n + 1)1/p−1
∥∥∥∥∥
p
≤
∥∥∥∥∥supn∈N |Snf |(n+ 1)1/p−1
∥∥∥∥∥
p
≤ cp ‖f‖Hp , n ∈ N+.
The proof is complete.
We also mention the following consequences of Theorem 2.4:
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Corollary 2.6 Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence, satisfying
the condition (2.10). Then there exists a martingale f ∈ Hp, such that
sup
n∈N
∥∥∥∥SnfΦn
∥∥∥∥
weak−Lp
=∞.
Corollary 2.7 Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence, satisfying
the condition (2.10). Then there exists a martingale f ∈ Hp, such that the following maximal
operator
sup
n∈N
|Snf |
Φn
is not bounded from the Hardy space Hp to the space weak − Lp.
The next result can be found in Tephnadze [72].
Theorem 2.8 a) Let f ∈ H1. Then the maximal operator
S˜∗f := sup
n∈N+
|Snf |
log (n+ 1)
is bounded from the Hardy spaceH1 to the space L1.
b) Let qn = M2n+M2n−2+ ...+M0 and {Φn : n ∈ N} be any non-decreasing sequence,
satisfying the condition
lim
n→∞
logn
Φn
= +∞. (2.15)
Then
sup
k
∥∥∥ Sqnk fkΦqnk+1∥∥∥1
‖fk‖H1
= ∞.
Proof: Since
∼
S
∗
is bounded from L∞ to L∞, according Lemma 1.39 it is sufficies to
show that ∫
I
∣∣∣∣∼S∗a∣∣∣∣ dµ ≤ c <∞
for every p-atom a, where I denotes the support of the atom.We may assume that I = IN .
Since Sn (a) = 0 when n ≤MN , we can suppose that n > MN .
Since ‖a‖∞ ≤MN we have that
|Sn (a)| ≤MN
∫
IN
|Dn (x− t)| dµ (t) .
,
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Let x ∈ Is\Is+1. From Lemma 1.6 we get that
|Sna (x)|
log (n+ 1)
≤
Ms
log (n + 1)
.
Since n > MN we can conclude that
|Sna (x)|
log (n + 1)
≤
cMs
N
. (2.16)
The expression on the right-hand side of (2.16) does not depend on n. Thus,∣∣∣S˜∗a (x)∣∣∣ ≤ cMs
N
, for x ∈ Is\Is+1, 0 ≤ s ≤ N − 1. (2.17)
By combining (1.1) and (2.17) we obtain that∫
IN
∣∣∣S˜∗a (x)∣∣∣ dµ (x)
=
N−1∑
s=0
∫
Is\Is+1
∣∣∣S˜∗a (x)∣∣∣ dµ (x)
≤
c
N
N−1∑
s=0
Ms
Ms
≤
cN
N
< c <∞.
The proof of part a) is complete.
Next, we note that under condition (2.15) there exists {nk : k ∈ N} , such that
lim
k→∞
log qnk+1
Φqnk+1
= ∞.
Let fk be 1-atom from Example 1.44. By applying Corollary 1.10 with (1.54) we have
that ∥∥∥∥Sqnk fk(x)Φqnk+1
∥∥∥∥
1
‖fk (x)‖H1
≥
1
‖fk‖H1
(∥∥∥∥∥ DqnkΦqnk+1
∥∥∥∥∥
1
−
∥∥∥∥∥DM2nkΦqnk+1
∥∥∥∥∥
1
)
≥
c
Φqnk+1
(log qnk − 1)
≥
c log qnk+1
Φqnk+1
→∞, when k →∞.
Hence, also part b) is proved so the proof is complete.
The next corollary is very important for our further investigation:
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Corollary 2.9 Let f ∈ H1. Then there exists an absolute constant c, such that
‖Snf‖1 ≤ c log (n+ 1) ‖f‖H1 , n ∈ N+.
Proof: According to part a) of Theorem 2.8 we readily conclude that∥∥∥∥ Snflog (n+ 1)
∥∥∥∥
1
≤
∥∥∥∥sup
n∈N
|Snf |
log (n+ 1)
∥∥∥∥
1
≤ c ‖f‖H1 , n ∈ N+.
The proof is complete.
We also point out two more consequences of Theorem 2.8:
Corollary 2.10 Let {Φn : n ∈ N} be any non-decreasing sequence, satisfying the condition
(2.15). Then there exists a martingale f ∈ H1 such that
sup
n∈N
∥∥∥∥SnfΦn
∥∥∥∥
1
= ∞.
Corollary 2.11 Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence, satis-
fying the condition (2.15). Then there exists a martingale f ∈ H1 such that the following
maximal operator
sup
n∈N
|Snf |
Φn
is not bounded from the Hardy space H1 to the Lebesgue space L1.
Now, we formulate a theorem about boundedness of a restricted maximal operator
of partial sums. This result is presented for the first time.
Theorem 2.12 a) Let 0 < p ≤ 1 and αk be a subsequence of positive numbers, such that
sup
k∈N
ρ (αk) = κ <∞. (2.18)
Then the maximal operator
S˜∗,△f := sup
k∈N
|Sαkf |
is bounded from the Hardy spaceHp to the space Lp.
b) Let 0 < p < 1 and {αk : k ∈ N} be a subsequence of positive numbers satisfying the
condition
sup
k∈N
ρ (αk) = ∞. (2.19)
Then there exists a martingale f ∈ Hp such that
sup
k∈N
‖Sαkf‖weak−Lp = ∞, (0 < p < 1) .
,
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Proof: By using (1.14) in Lemma 1.3 and Corollary 1.5 we easily conclude that if con-
dition (2.18) holds, then
‖Dαk‖1 ≤ c
|αk |∑
j=〈αk〉
∥∥DMj∥∥1
≤
|αk |∑
j=〈αk〉
1 = ρ (αk) + 1 ≤ c <∞.
It follows that S˜∗,△ is bounded from L∞ to L∞. By Lemma 1.39 we obtain that the proof
of part a) will be complete if we show that∫
IN
∣∣∣S˜∗,△a∣∣∣p dµ ≤ c <∞
for every p-atom a with support I = IN . Since Sαk (a) = 0 when αk ≤MN , we can suppose
that αk > MN .
Let t ∈ IN and x ∈ Is\Is+1, 1 ≤ s ≤ 〈αk〉 − 1. By using (1.14) in Lemma 1.3 we get
that
Dαk (x− t) = 0
and
|Sαk (a)| = 0. (2.20)
Let 0 < p ≤ 1, t ∈ IN and x ∈ Is\Is+1, 〈αk〉 ≤ s ≤ N − 1. By applying the fact that
‖a‖∞ ≤ MN and Lemma 1.6 we find that
|Sαk (a)| (2.21)
≤M
1/p
N
∫
IN
|Dαk (x− t)| dµ (t) ≤ cpM
1/p−1
N Ms.
Set
̺ := min
k∈N
〈αk〉 .
Then, in view of (2.20) and (2.21) we can conclude that∣∣∣S˜∗,△a (x)∣∣∣ = 0, for x ∈ Is\Is+1, 0 ≤ s ≤ ̺ (2.22)
and ∣∣∣S˜∗,△a (x)∣∣∣ ≤ cpM1/p−1N Ms, for x ∈ Is\Is+1, ̺ ≤ s ≤ N − 1. (2.23)
By the definition of ̺ there exists at least one index ki0 ∈ N+ such that ̺ =
〈
αki0
〉
. It
follows that
N − ̺ = N −
〈
αki0
〉
≤
∣∣αki0 ∣∣− 〈αki0〉 (2.24)
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≤ sup
k∈N
ρ (αk) = κ < c <∞
and
M1−pN
M1−p̺
≤ λ(N−̺)(1−p) ≤ λκ(1−p) < c <∞, (2.25)
where λ = supkmk.
Let p = 1.We combine (2.22)-(2.24) and invoke identity (1.1) to obtain that∫
IN
∣∣∣S˜∗,△a (x)∣∣∣ dµ (x)
=
N−1∑
s=0
∫
Is\Is+1
∣∣∣S˜∗,△a (x)∣∣∣ dµ (x)
=
N−1∑
s=̺
∫
Is\Is+1
∣∣∣S˜∗,△a (x)∣∣∣ dµ (x)
≤ c
N−1∑
s=̺+1
Ms
Ms
= c
N−1∑
s=̺+1
1
≤ κ < c <∞.
Let 0 < p < 1. According to (1.1) by using (2.22), (2.23) and (2.25) we obtain that∫
IN
∣∣∣S˜∗,△a (x)∣∣∣p dµ (x)
=
N−1∑
s=̺
∫
Is\Is+1
∣∣∣S˜∗,△a (x)∣∣∣p dµ (x)
≤ cpM
1−p
N
N−1∑
s=̺+1
Mps
Ms
= cpM
1−p
N
N−1∑
s=̺+1
1
M1−ps
≤
cpM
1−p
N
M1−p̺
< c <∞.
The proof of part a) is proved.
Under condition (2.19) we readily get that
sup
k∈N
M|nk|
M〈nk〉
= ∞.
,
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Moreover, there exists a sequence {αk : k ∈ N} ⊂ {nk : k ∈ N} such that α0 ≥ 3 and
lim
k→∞
M
(1−p)/2
|αk|
M
(1−p)/2
〈αk〉
= ∞
and
∞∑
k=0
M
(1−p)/2
〈αk〉
M
(1−p)/2
|αk|
< c <∞. (2.26)
Let f =
(
f (n) : n ∈ N
)
be the martingale defined in Example 1.48, where
λk =
λM
(1/p−1)/2
〈αk〉
M
(1/p−1)/2
|αk |
. (2.27)
Under condition (2.26) we can conclude that f ∈ Hp.
By now using (1.68) with λk defined by (2.27) we readily see that
f̂(j)
=
 M
(1/p−1)/2
〈αk〉
M
(1/p−1)/2
|αk|
, j ∈
{
M|αk|, ..., M|αk|+1 − 1
}
, k ∈ N,
0, j /∈
∞⋃
k=0
{
M|αk|, ..., M|αk |+1 − 1
}
.
Let M|αk| < j < αk. By using (1.70) obtained by l = k in the case when λk are given
by expression (2.27) we immediately get that
Sαkf = SM|αk |
f +M
(1/p−1)/2
〈αk〉
M
(1/p−1)/2
|αk|
ψM|αk |
Dαk−M|αk|
:= I + II.
According to part a) of Theorem 2.12 for I we have that
‖I‖pweak−Lp ≤
∥∥∥SM|αk|f∥∥∥pweak−Lp ≤ cp ‖f‖pHp <∞.
Under condition (2.19) we can conclude that
〈αk〉 6= |αk| and
〈
αk −M|αk |
〉
= 〈αk〉 .
Let x ∈ I〈αk〉\I〈αk〉+1. By using Lemma 1.8 we obtain that∣∣∣Dαk−M|αk |∣∣∣ ≥ cM〈αk〉
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and
|II| = M
(1/p−1)/2
〈αk〉
M
(1/p−1)/2
|αk|
∣∣∣Dαk−M|αk|∣∣∣ ≥M (1/p+1)/2〈αk〉 M (1/p−1)/2|αk | .
It follows that
‖II‖pweak−Lp
≥ cp
(
M
(1/p+1)/2
〈αk〉
M
(1/p−1)/2
|αk|
)p
µ
{
x ∈ Gm : |II| ≥ cpM
(1/p+1)/2
〈αk〉
M
(1/p−1)/2
|αk|
}
≥ cpM
(1−p)/2
|αk|
M
(1+p)/2
〈αk〉
µ
{
I〈αk〉−1,〈αk〉
〈αk〉+1
}
≥
cpM
(1−p)/2
|αk|
M
(1−p)/2
〈αk〉
.
Hence, for large k,
‖Sαkf‖
p
weak−Lp
≥ ‖II‖pweak−Lp − ‖I‖
p
weak−Lp
≥
1
2
‖II‖pweak−Lp ≥
cpM
(1−p)/2
|αk|
M
(1−p)/2
〈αk〉
→∞, when k →∞.
The proof is complete.
We also mention the following consequences:
Corollary 2.13 Let p > 0 and f ∈ Hp. Then the maximal operator
S˜∗#f := sup
n∈N
|SMnf |
is bounded from the Hardy spaceHp to the space Lp.
Corollary 2.14 Let p > 0 and f ∈ Hp. Then the maximal operator
sup
n∈N+
∣∣SMn+Mn−1f ∣∣
is bounded from the Hardy spaceHp to the space Lp.
Corollary 2.15 Let p > 0 and f ∈ Hp. Then the maximal operator
sup
n∈N+
|SMn+1f |
is not bounded from the Hardy space Hp to the space Lp.
,
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2.5 NORM CONVERGENCE OF PARTIAL SUMS OF VILENKIN-FOURIER SERIES ON MAR-
TINGALE HARDY SPACES
By applying Corollaries 2.5 and 2.9 we find necessary and sufficient conditions for the mod-
ulus of continuity of martingale Hardy spaces Hp, for which the partial sums of Vilenkin-
Fourier series convergence in Lp-norm. We also study sharpness of these results. All results
in this section can be found in Tephnadze [72].
Theorem 2.16 Let 0 < p < 1 and f ∈ Hp. Then there exists an absolute constant cp
depending only on p such that
‖Snf‖Hp ≤ cpn
1/p−1 ‖f‖Hp .
Remark 2.17 We note that the asymptotic behaviour of the sequence
{
n1/p−1 : n ∈ N
}
in
Theorem 2.16 can not be improved (c.f. part b) of Theorem 2.4).
Proof: According to Corollaries 2.5 and 2.13 if we invoke Example 1.45 we can con-
clude that
‖Snf‖Hp ≤
∥∥S#f∥∥
p
+ ‖Snf‖p (2.28)
≤ ‖f‖Hp + cpn
1/p−1 ‖f‖Hp
≤ cpn
1/p−1 ‖f‖Hp .
The proof is complete.
Theorem 2.18 Let f ∈ H1. Then there exists an absolute constant c such that
‖Snf‖H1 ≤ c logn ‖f‖H1 .
Remark 2.19 We note that the asymptotic behaviour of the sequence {logn : n ∈ N} in
Theorem 2.18 can not be improved (c.f. part b) of Theorem 2.8).
Proof: According to Corollaries 2.9 and 2.13 if we invoke Example 1.45 we can write
that
‖Snf‖H1 ≤
∥∥S#f∥∥
1
+ ‖Snf‖1
≤ ‖f‖H1 + c logn ‖f‖H1
≤ c logn ‖f‖H1 .
The proof is complete.
Theorem 2.20 Let p > 0 and f ∈ Hp. Then there exists an absolute constant cp depending
only on p such that
‖SMnf‖Hp ≤ cp ‖f‖Hp .
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Proof: In the view of Corollary 2.13 and Example 1.45 we can conclude that
‖SMnf‖Hp ≤
∥∥∥∥ sup
0≤l≤n
|SMlf |
∥∥∥∥
p
≤ ‖f‖Hp .
The proof is complete.
Theorem 2.21 Let 0 < p < 1, f ∈ Hp and Mk < n ≤ Mk+1. Then there is an absolute
constant cp depending only on p such that
‖Snf − f‖Hp ≤ cpn
1/p−1ωHp
(
1
Mk
, f
)
.
Proof: Let 0 < p < 1 and Mk < n ≤ Mk+1. By using Corollary 2.5 we immediately
get that
‖Snf − f‖
p
Hp
≤ ‖Snf − SMkf‖
p
Hp
+ ‖SMkf − f‖
p
Hp
= ‖Sn (SMkf − f)‖
p
Hp
+ ‖SMkf − f‖
p
Hp
≤ cp
(
n1−p + 1
)
‖SMkf − f‖
p
Hp
cp
(
n1−p + 1
)
‖SMkf − f‖
p
Hp
≤ cpn
1−pωpHp
(
1
Mk
, f
)
.
The proof is complete.
Theorem 2.22 Let f ∈ H1 andMk < n ≤Mk+1. Then there is an absolute constant c such
that
‖Snf − f‖H1 ≤ c lg nωH1
(
1
Mk
, f
)
.
Proof: LetMk < n ≤Mk+1. Then, by using Corollary 2.9, we immediately get that
‖Snf − f‖H1
≤ ‖Sn (SMkf − f)‖H1 + ‖SMkf − f‖H1
≤ c (logn + 1) ‖SMkf − f‖H1
≤ c lognωH1
(
1
Mk
, f
)
.
The proof is complete.
,
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Theorem 2.23 a) Let 0 < p < 1, f ∈ Hp and
ωHp
(
1
Mn
, f
)
= o
(
1
M
1/p−1
n
)
, when n→∞.
Then
‖Skf − f‖Hp → 0, when k →∞.
b) For every 0 < p < 1 there exists a martingale f ∈ Hp, for which
ωHp
(
1
Mn
, f
)
= O
(
1
M
1/p−1
n
)
, when n→∞
and
‖Skf − f‖weak−Lp 9 0, when k →∞.
Proof: Let 0 < p < 1, f ∈ Hp and
ωHp
(
1
Mn
, f
)
= o
(
1
M
1/p−1
n
)
, when n→∞.
By using Theorem 2.21 we immediately get that
‖Snf − f‖Hp → 0, when n→∞.
The proof of part a) is complete.
Let f =
(
f (n) : n ∈ N
)
be the martingale defined in Example 1.47, where
λk =
λ
M
1/p−1
2αk
, where λ = sup
n∈N
mn. (2.29)
Since
∞∑
k=0
λp
M1−p2αk
< c <∞
we conclude that f ∈ Hp.Moreover, according to (1.58) we find that
ωHp(
1
Mn
, f) = O
(
∞∑
k=n
1
M
1/p−1
k
)
= O
(
1
M
1/p−1
n
)
, when n→∞.
By now using (1.57) with λk defined by (2.29) we readily see that
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f̂(j) =
 1, j ∈ {M2αk , ..., M2αk+1 − 1} , k ∈ N+,0, j /∈ ∞⋃
k=1
{M2αk , ..., M2αk+1 − 1} .
(2.30)
According to (2.30) and Corollary 1.5 we can establish that
lim sup
k→∞
‖SM2αk+1f − f‖weak−Lp
≥ lim sup
k→∞
‖SM2αkf + f̂(M2αk)ψM2αk − f‖weak−Lp
≥ lim sup
k→∞
(
‖ψM2αk‖weak−Lp − ‖f − SM2αkf‖weak−Lp
)
≥ lim sup
k→∞
(1− o (1)) = 1.
This completes the proof of the part b) and the proof is complete.
Theorem 2.24 a) Let f ∈ H1 and
ωH1
(
1
Mn
, f
)
= o
(
1
n
)
, when n→∞.
Then
‖Skf − f‖H1 → 0, when k →∞.
b) There exists a martingale f ∈ H1, for which
ωH1
(
1
M2Mn
, f
)
= O
(
1
Mn
)
, when n→∞
and
‖Skf − f‖1 9 0, when k →∞.
Proof: Let f ∈ H1 and
ωH1
(
1
Mn
, f
)
= o
(
1
n
)
, when n→∞.
By using Corollary 2.9 we immediately get that
‖Snf − f‖H1 →∞, when n→∞.
For the proof of part b) we use the martingale defined in Example 1.52, for p = 1. Then,
f ∈ H1 and by applying (1.86) we can conclude that
ωH1(
1
Mn
, f) = O
(
1
n
)
, when n→∞.
,
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By combining (1.85) and (1.87) with Corollaries 1.10 and 1.5 we find that
lim sup
k→∞
‖SqMkf − f‖1
= lim sup
k→∞
‖
ψMMkDqMk
M2k
+ SMMkf − f‖1
− lim sup
k→∞
(
1
M2k
‖DqMk‖1 + ‖SMMkf − f‖1
)
≥ c− lim sup
k→∞
(
∞∑
i=k+1
1
M2i
−
1
M2k
)
= c > 0.
The proof is complete.
2.6 STRONG CONVERGENCE OF PARTIAL SUMS OF VILENKIN-FOURIER SERIES ON
MARTINGALE HARDY SPACES
In this section we prove a Hardy type inequality for partial sums with respect to Vilenkin
systems. This result was first proved by Simon [60]. Here we use some new estimations and
present a simpler proof, which is due to in Tephnadze [72]. We also show sharpness of this
result in the special sense (see Tephnadze [69]).
Theorem 2.25 (Simon [60]) a) Let 0 < p < 1 and f ∈ Hp. Then there is an absolute
constant cp, depending only on p, such that
∞∑
k=1
‖Skf‖
p
p
k2−p
≤ cp ‖f‖
p
Hp
.
b) Let 0 < p < 1 and {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
lim
n→∞
Φn = +∞. (2.31)
Then there exists a martingale f ∈ Hp such that
∞∑
k=1
‖Skf‖
p
weak−Lp
Φk
k2−p
=∞.
Proof: Let 0 < p < 1. By applying (1.1) with (2.11) in Theorem 2.4 we have that
∞∑
k=MN
‖Ska‖
p
p
k2−p
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≤
∞∑
k=MN
1
k
∫
IN
∣∣∣∣Ska (x)k1/p−1
∣∣∣∣p dµ (x)
=
∞∑
k=MN
1
k
N−1∑
s=0
∫
Is\Is+1
∣∣∣∣Ska (x)k1/p−1
∣∣∣∣p dµ (x)
≤ c
∞∑
k=MN
1
k
N−1∑
s=0
∫
Is\Is+1
∣∣∣∣∣M1/p−1N Msk1/p−1
∣∣∣∣∣
p
dµ
≤ cpM
1−p
N
∞∑
k=MN
1
k2−p
N−1∑
s=0
∫
Is\Is+1
Mps
≤ cpM
1−p
N
∞∑
k=MN
1
k2−p
N−1∑
s=0
Mp−1s dµ
+cpM
1−p
N
∞∑
k=MN
1
k2−p
≤ cp <∞.
This completes the proof of the part a).
Next, we note that under condition (2.31) there exists an increasing sequence {αk ≥ 2 : k ∈ N+}
of positive integers such that
∞∑
k=1
1
Φ
p/4
M2αk
<∞. (2.32)
Let f =
(
f (k) : k ∈ N
)
be the martingale defined in Example 1.51. By using (2.32) we
conclude that the martingale f ∈ Hp.
Let Mαk ≤ j < Mαk+1. By using (1.84) if we repeat the steps which leads to (1.70)
obtained by l = k in the case when λk = 1/Φ
1/4
M2αη
we obtain that
Sjf =
k−1∑
η=0
M
1/p−1
2αη
Φ
1/4
M2αη
(
DM2αη+1 −DM2αη
)
+
M
1/p−1
2αk
ψM2αkDj−M2αk
Φ
1/4
M2αk
:= I + II.
We calculate each term separately. By using Corollary 1.5 with condition αn ≥ 2
(n ∈ N) for I we find that
DMαn = 0, for x ∈ Gm\I1
,
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and
I = 0, for x ∈ Gm\I1.
Denote by N0 the subset of positive integersN+, for which 〈n〉 = 0. Then every n ∈ N0,
Mk < n < Mk+1 (k > 1) can be written as
n = n0M0 +
k∑
j=1
njMj ,
where n0 ∈ {1, ..., m0 − 1} and nj ∈ {0, ..., mj − 1} , (j ∈ N+).
Let j ∈ N0 and x ∈ Gm\I1 = I0\I1. According to Lemma 1.8 we find that∣∣Dαk−Mαk ∣∣ ≥ cM0 ≥ c > 0
and
|II| =
M
1/p−1
2αk
Φ
1/4
M2αk
∣∣∣Dj−M2αk (x)∣∣∣ = M
1/p−1
2αk
Φ
1/4
M2αk
.
It follows that
|Sjf (x)| = |II| =
M
1/p−1
2αk
Φ
1/4
M2αk
, for x ∈ Gm\I1,
and
‖Sjf‖weak−Lp (2.33)
≥
M
1/p−1
2αk
2Φ
1/4
M2αk
µ
x ∈ Gm\I1 : |Sjf (x)| > M1/p−12αk
2Φ
1/4
M2αk
1/p
=
M
1/p−1
2αk
2Φ
1/4
M2αk
|Gm\I1| ≥
cM
1/p−1
2αk
Φ
1/4
M2αk
.
Since ∑
{n∈N0:Mk≤n≤Mk+1,}
1 ≥ cMk,
where c is an absolute constant, by applying (2.33) we obtain that
M2αk+1−1∑
j=1
‖Sjf‖
p
weak−Lp
Φj
j2−p
≥
M2αk+1−1∑
j=M2αk
‖Sjf‖
p
weak−Lp
Φj
j2−p
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≥ ΦM2αk
∑
{j∈N0:M2αk≤j≤M2αk+1}
‖Sjf‖
p
weak−Lp
j2−p
≥ cΦM2αk
M1−p2αk
Φ
p/4
M2αk
∑
{j∈N0:M2αk≤j≤M2αk+1}
1
j2−p
≥ cΦ
3/4
Mαk
M1−pαk
∑
{j∈N0:M2αk≤j≤M2αk+1}
1
M2−p2αk+1
≥ c
Φ
3/4
M2αk
M2αk+1
∑
{j∈N0:M2αk≤j≤M2αk+1}
1
≥ cΦ
3/4
M2αk
→∞, when k →∞.
Hence, also the part b) is proved so the proof is complete.
2.7 AN APPLICATION CONCERNING ESTIMATIONS OF VILENKIN-FOURIER COEFFICIENTS
The following inequalities follow from our results:
Corollary 2.26 Let 0 < p < 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that ∣∣∣f̂ (n)∣∣∣ ≤ cpn1/p−1 ‖f‖Hp ,
∞∑
k=1
∣∣∣f̂ (k)∣∣∣p
k2−p
≤ cp ‖f‖
p
Hp
, (f ∈ Hp, 0 < p < 1)
and (
∞∑
k=1
M
2−2/p
k
mk−1∑
j=1
∣∣∣f̂ (jMk)∣∣∣2
)1/2
≤ cp ‖f‖Hp .
Remark 2.27 The first inequality was first proved by Tephnadze [73], the second by Weisz
[81, 83] and the third also by Weisz [62]. The proofs are different and simpler then the
original ones.
,
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Proof: Let 0 < p < 1. Since∣∣∣f̂ (n)∣∣∣ = |Sn+1f − Snf | ≤ |Sn+1f |+ |Snf | (2.34)
and ∣∣∣f̂ (n)∣∣∣
(n + 1)1/p−1
≤
|Sn+1f |
(n+ 1)1/p−1
+
|Snf |
n1/p−1
.
By using part a) of Theorem 2.4 we can write that∣∣∣f̂ (n)∣∣∣
(n + 1)1/p−1
≤
∥∥∥∥∥ Sn+1f(n+ 1)1/p−1
∥∥∥∥∥
p
+
∥∥∥∥ Snfn1−p
∥∥∥∥
p
≤ cp ‖f‖Hp .
It follows that ∣∣∣f̂ (n)∣∣∣ ≤ cpn1/p−1 ‖f‖Hp
and the first inequality is proved.
To prove the second inequality we use (2.34) again. We find that∣∣∣f̂ (n)∣∣∣
(n + 1)2/p−1
(2.35)
≤
|Sn+1f |
(n+ 1)2/p−1
+
|Snf |
n2/p−1
.
By combining (2.35) and Theorem 2.4 we get that
∞∑
n=1
∣∣∣f̂ (n)∣∣∣p
n2−p
≤
∞∑
n=1
∥∥∥∥∥ Sn+1f(n+ 1)2/p−1
∥∥∥∥∥
p
+
∥∥∥∥ Snfn2/p−1
∥∥∥∥
p
p
≤
∞∑
n=1
(
‖Sn+1f‖
p
p
(n+ 1)2−p
+
‖Snf‖
p
p
n2−p
)
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≤ 2
∞∑
n=1
‖Snf‖
p
p
n2−p
≤ cp ‖f‖
p
Hp
.
and also the second inequality is proved. The third inequality can be proved analogously so
we leave the details.
The proof is complete.
,
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3 VILENKIN-FEJE´R MEANS ON MARTINGALE HARDY SPACES
3.1 SOME CLASSICAL RESULTS ON VILENKIN-FEJE´R MEANS
In the one-dimensional case Yano [78] proved that
‖Kn‖ ≤ 2 (n ∈ N).
Consequently,
‖σnf − f‖p → 0, when n→∞, (f ∈ Lp, 1 ≤ p ≤ ∞).
However (see [39, 55]) the rate of convergence can not be better then O (n−1) (n→∞) for
non-constant functions. a.e, if f ∈ Lp, 1 ≤ p ≤ ∞ and
‖σMnf − f‖p = o
(
1
Mn
)
, when n→∞,
then f is a constant function.
Fridli [14] used dyadic modulus of continuity to characterize the set of functions in the
space Lp, whose Vilenkin-Feje´r means converge at a given rate. It is also known that (see e.g
books [2] and [55])
‖σnf − f‖p
≤ cpωp
(
1
MN
, f
)
+ cp
N−1∑
s=0
Ms
MN
ωp
(
1
Ms
, f
)
, (1 ≤ p ≤ ∞, n ∈ N) .
By applying this estimate, we immediately obtain that if f ∈ lip (α, p) , i.e.,
ωp
(
1
Mn
, f
)
= O
(
1
Mαn
)
, n→∞,
then
‖σnf − f‖p =

O
(
1
MN
)
, if α > 1,
O
(
N
MN
)
, if α = 1,
O
(
1
MαN
)
, if α < 1.
Weisz [85] considered the norm convergence of Feje´r means of Vilenkin-Fourier series
and proved that
‖σkf‖p ≤ cp ‖f‖Hp , p > 1/2 and f ∈ Hp. (3.1)
This result implies that
1
n2p−1
n∑
k=1
‖σkf‖
p
p
k2−2p
≤ cp ‖f‖
p
Hp
, (1/2 < p <∞) .
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If (3.1) hold for 0 < p ≤ 1/2, then we would have that
1
log[1/2+p] n
n∑
k=1
‖σkf‖
p
p
k2−2p
≤ cp ‖f‖
p
Hp
, (0 < p ≤ 1/2) . (3.2)
However, in Tephnadze [66] it was shown that the assumption p > 1/2 in (3.1) is essen-
tial. In particular, is was proved that there exists a martingale f ∈ H1/2 such that
sup
n∈N
‖σnf‖1/2 = +∞.
For Vilenkin systems in [70] it was proved that (3.2) holds, though inequality (3.1) is not
true for 0 < p ≤ 1/2.
In the one-dimensional case the weak type inequality
µ (σ∗f > λ) ≤
c
λ
‖f‖1 , (f ∈ L1, λ > 0)
can be found in Zygmund [88] for the trigonometric series, in Schipp [54] for Walsh series
and in Pa´l, Simon [49] for bounded Vilenkin series. Fujji [16] and Simon [57] verified that
σ∗ is bounded fromH1 to L1. Weisz [85] generalized this result and proved the boundedness
of σ∗ from the martingale space Hp to the Lebesgue space Lp for p > 1/2. Simon [56]
gave a counterexample, which shows that boundedness does not hold for 0 < p < 1/2. The
counterexample for p = 1/2 due to Goginava [27], (see also [9] and [10]). Weisz [86] proved
that σ∗ is bounded from the Hardy spaceH1/2 to the space weak−L1/2. In [67] and [68] (for
Walsh system see [28]) it was proved that the maximal operator σ˜∗p with respect to Vilenkin
systems defined by
σ˜∗p := sup
n∈N
|σn|
(n + 1)1/p−2 log2[1/2+p] (n+ 1)
,
where 0 < p ≤ 1/2 and [1/2 + p] denotes integer part of 1/2+p, is bounded from the Hardy
spaceHp to the Lebesgue space Lp.Moreover, the order of deviant behavior of the n-th Feje´r
mean was given exactly. As a corollary we get that
‖σnf‖p ≤ cp (n+ 1)
1/p−2 log2[1/2+p] (n + 1) ‖f‖Hp .
For Walsh-Kaczmarz system analogical theorems were proved in [33] and [69].
For the one-dimensional Vilenkin-Fourier series Weisz [85] proved that the maximal
operator
σ#f = sup
n∈N
|σMnf |
is bounded from the martingale Hardy spaceHp to the Lebesgue space Lp for p > 0. For the
Walsh-Fourier series Goginava [30] proved that the operator |σ2nf | is not bounded from the
space Hp to the space Hp, for 0 < p ≤ 1.
,
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3.2 DIVERGENCE OF VILENKIN-FEJE´R MEANS ON MARTINGALE HARDY SPACES
Theorem 3.1 a)There exist a martingale f ∈ H1/2 such that
sup
n∈N
‖σnf‖1/2 = +∞.
b) Let 0 < p < 1/2. There exist a martingale f ∈ Hp, such that
sup
n∈N
‖σnf‖weak−Lp = +∞.
Remark 3.2 This result for p = 1/2 can be found in Tephnadze [66]. By interpolation
automatically follows the second part of this Theorem. Here, we make a more concrete proof
of this fact by even constructing a martingale f ∈ Hp, for which the Vilenkin-Feje´r means
are not bounded in the space weak − Lp.
Proof: Let f =
(
f (n) : n ∈ N
)
be the martingale defined in Example 1.49 in the case
when p = q = 1/2.We can write that
σqαkf =
1
qαk
M2αk∑
j=1
Sjf +
1
qαk
qαk∑
j=M2αk+1
Sjf
:= I + II.
According to (1.76) in Example 1.49 we can conclude that
|I| ≤
1
qαk
M2αk∑
j=1
|Sif | (3.3)
≤
2λM22αk−1
α
1/2
k−1
M2αk
qαk
≤
2λM22αk−1
α
1/2
k−1
.
By applying (1.75) obtained by letting l = k we can rewrite II as
II =
(qαk −M2αk)SM2αk
qαk
+
M2αkψM2αk
α
1/2
k qαk
qαk∑
j=M2αk+1
Dj−M2αk
:= II1 + II2.
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According to (1.76) for j = M2αk and p = 1/2 we find that
|II1| ≤
∣∣∣SM2αk ∣∣∣ ≤ 2λM22αk−1α1/2k−1 . (3.4)
In view of (3.3) and (3.4) we invoke estimate (1.73) for p = q = 1/2 to conclude that
|II1| ≤
2λM22αk−1
α
1/2
k−1
≤
M2αk
16α
3/2
k
and
|I| ≤
2λM22αk−1
α
1/2
k−1
≤
M2αk
16α
3/2
k
.
Let
x ∈ I
2η,2(η+1)
2αk
, η =
[αk
2
]
+ 1, ..., αk − 3.
By applying Lemma 1.19 we have that
4qαk−1
∣∣∣Kqαk−1 (x)∣∣∣ ≥ M2ηM2(η+1) ≥ M22η.
Hence, for II2 we readily get that
|II2| =
M2αk
α
1/2
k qαk
∣∣∣∣∣ψM2αk
qαk−1∑
j=1
Dj
∣∣∣∣∣
=
M2αk
qαk
qαk−1
α
1/2
k
∣∣Kqαk−1∣∣
≥
qαk−1
∣∣Kqαk−1∣∣
2α
1/2
k
≥
M22η
8α
1/2
k
.
SinceM2η ≥Mαk we obtain that∣∣σqαkf (x)∣∣ ≥ |II2| − (|I|+ |II1|) (3.5)
≥
1
8α
1/2
k
(
M22η −
M2αk
2αk
)
.
From (3.5) it follows that
∣∣σqαkf (x)∣∣ ≥ cM22η
α
1/2
k
, x ∈ I
2η,2(η+1)
2αk
,
,
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where
η =
[αk
2
]
+ 1, ..., αk − 3,
Thus, ∫
Gm
∣∣σqαkf (x)∣∣1/2 dµ (x)
≥
αk−3∑
η=[αk/2]+1
m2η+3−1∑
x2η+3=0
...
m2αk−1−1∑
x2αk−1
=0
∫
I
2η,2(η+1)
2αk
∣∣σqαkf (x)∣∣1/2 dµ (x)
≥
c
α
1/4
k
αk−3∑
η=[αk/2]+1
m2η+3−1∑
x2η+3=0
...
m2αk−1−1∑
x2αk−1
=0
∣∣∣I2η,2(η+1)2αk ∣∣∣M2η
≥
c
α
1/4
k
αk−3∑
η=[αk/2]+1
m2η+3...m2αk−1
M2αk
M2η
≥
c
α
1/4
k
αk−3∑
η=[αk/2]+1
M2η
M2η+2
≥
c
α
1/4
k
αk−3∑
η=[αk/2]+1
1
≥ α
3/4
k →∞, when k −→∞.
The proof of part a) is complete so we turn to the proof of part b). Let 0 < p < 1/2. Let
f =
(
f (n) : n ∈ N
)
be the martingale defined in Example 1.49 in the case when 0 < p <
q = 1/2.We can write that
σM2αk+1f
=
1
M2αk + 1
M2αk∑
j=0
Sjf +
SM2αk+1f
M2αk + 1
:= III + IV.
We combine (1.76) and (1.77) and invoke (1.73) in the case when p < q = 1/2 to obtain
the following estimates:
|III| ≤
M2αk
M2αk + 1
2λM
1/p
2αk−1
α
1/2
k−1
≤
2λM
1/p
2αk−1
α
1/2
k−1
≤
M
1/p−2
αk
16α
3/2
k
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and
|IV | ≥
∣∣∣SM2αk+1f ∣∣∣
M2αk + 1
≥
M
1/p−2
2αk
2αk
Let x ∈ Gm.We conclude that∣∣∣σM2αk+1f (x)∣∣∣ ≥ |IV | − |III|
≥
M
1/p−2
2αk
2α
1/2
k
−
M
1/p−2
αk
16α
3/2
k
≥
M
1/p−2
2αk
4α
1/2
k
.
It follows that
M
1/p−2
2αk
4α
1/2
k
(
µ
{
x ∈ Gm :
∣∣∣σM2αk+1f (x)∣∣∣ ≥ M1/p−22αk4α1/2k
})1/p
≥
M
1/p−2
2αk
4α
1/2
k
→∞, when k →∞.
Hence, also part b) is proved so the proof is complete.
3.3 MAXIMAL OPERATORS OF VILENKIN-FEJE´R MEANS ON MARTINGALE HARDY SPACES
In this subsection we consider weighted Maximal operators of Feje´r means of Vilenkin-
Fourier series and prove (Hp, Lp) and (Hp, weak − Lp) type inequalities. In all cases we
also show sharpness in a special sense.
First we note the following consequence of Theorem 3.1:
Corollary 3.3 a) There exist a martingale f ∈ H1/2 such that
‖σ∗f‖1/2 = +∞.
b) Let 0 < p < 1/2. There exist a martingale f ∈ Hp such that
‖σ∗f‖weak−Lp = +∞.
The next theorem can be found in Tephnadze [68], but here we will give a simpler proof
of part b).
Theorem 3.4 a) Let 0 < p < 1/2. Then the maximal operator
σ˜∗pf := sup
n∈N
|σnf |
(n+ 1)1/p−2
,
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is bounded from the Hardy martingale space Hp to the Lebesgue space Lp.
b) Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
lim
n→∞
(n + 1)1/p−2
Φn
= +∞. (3.6)
Then
sup
k∈N
∥∥∥∥σM2nk +1fkΦM2nk +1
∥∥∥∥
weal−Lp
‖fk‖Hp
=∞.
Proof: First place we note that σn is bounded from L∞ to L∞ (see (1.23) in Corollary
1.16). Hence, by Lemma 1.39 the proof of Theorem 3.4 will be complete if we show that∫
IN
(
sup
n∈N
|σna|
(n+ 1)1/p−2
)p
dµ ≤ c <∞
for every p-atom a, where I denotes the support of the atom.
Let a be an arbitrary p-atom with support I and µ (I) = M−1N . We may assume that
I = IN . It is easy to see that σn (a) = 0 when n ≤ MN . Therefore we can suppose that
n > MN .
Since ‖a‖∞ ≤M
1/p
N it follows that
|σn (a)|
(n + 1)1/p−2
≤
1
(n+ 1)1/p−2
∫
IN
|a (t)| |Kn (x− t)| dµ (t)
≤
‖a‖∞
(n + 1)1/p−2
∫
IN
|Kn (x− t)| dµ (t)
≤
cM
1/p
N
(n + 1)1/p−2
∫
IN
|Kn (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. From Corollary 1.21 we can deduce that
|σn (a)|
(n + 1)1/p−2
(3.7)
≤
cpM
1/p
N
M
1/p−2
N
MlMk
M2N
= cpMlMk.
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The expression on the right-hand side of (3.7) does not depend on n. Thus,∣∣σ˜∗pa (x)∣∣ ≤ cpMlMk, for x ∈ Ik,lN , 0 ≤ k < l ≤ N. (3.8)
By using (3.8) with identity (1.1) we obtain that∫
IN
∣∣σ˜∗pa (x)∣∣p dµ (x)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣σ˜∗pa (x)∣∣p dµ (x)
+
N−1∑
k=0
∫
Ik,NN
∣∣σ˜∗pa (x)∣∣p dµ (x)
≤ cp
N−2∑
k=0
N−1∑
l=k+1
ml+1...mN−1
MN
Mpl M
p
k
+cp
N−1∑
k=0
1
MN
MpNM
p
k
≤ cp
N−2∑
k=0
N−1∑
l=k+1
Mpl M
p
k
Ml
+ cp
N−1∑
k=0
Mpk
M1−pN
:= I + II.
We estimate each term separately.
I = cp
N−2∑
k=0
N−1∑
l=k+1
1
M1−2pl
Mpl M
p
k
M2pl
(3.9)
≤ cp
N−2∑
k=0
N−1∑
l=k+1
1
M1−2pl
≤ cp
N−2∑
k=0
N−1∑
l=k+1
1
2l(1−2p)
≤ cp
N−2∑
k=0
1
2k(1−2p)
< cp <∞.
It is obvious that
II ≤
cp
M1−2pN
N−1∑
k=0
Mpk
MpN
(3.10)
,
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≤
cp
M1−2pN
< c <∞.
The proof of the part a) is complete by combining the estimates above.
Let 0 < p < 1/2. Under condition (3.6) there exists an increasing sequence of positive
integers {λk : k ∈ N} such that
lim
k→∞
λ
1/p−2
k
Φλk
= ∞.
It is evident that for every λk there exists a positive integers m
,
k such that qm′
k
< λk <
2q
m
,
k
. Since {Φn : n ∈ N} is a non-decreasing function we have that
lim
k→∞
M
1/p−2
2m,k
ΦM2m,
k
+1
≥
1
2
lim
k→∞
(
M2m,k + 1
)1/p−2
ΦM2m,
k
+1
≥ c lim
k→∞
λ
1/p−2
k
Φλk
= ∞.
Let {nk : k ∈ N} ⊂ {m
,
k : k ∈ N} be a sequence of positive numbers such that
lim
k→∞
M
1/p−2
2nk
ΦM2nk+1
= ∞
and fk be the atom defined in Example 1.44.
By combining (1.52) and (1.53) in Example 1.44 we find that∣∣∣σM2nk+1fk∣∣∣
ΦM2nk+1
=
1
ΦM2nk+1
(
M2nk + 1
)
∣∣∣∣∣∣
M2nk
+1∑
j=0
Sjfk
∣∣∣∣∣∣
=
1
ΦM2nk+1
(
M2nk + 1
) ∣∣∣SM2nk+1fk∣∣∣
=
1
ΦM2nk+1
(
M2nk + 1
) ∣∣∣DM2nk+1 −DM2nk ∣∣∣
G.Tephnadze ,
92 3. Vilenkin-Feje´r means on martingale Hardy spaces March 5, 2018
=
1
ΦM2nk+1
(
M2nk + 1
) ∣∣∣ψM2nk ∣∣∣
=
1
ΦM2nk+1
(
M2nk + 1
)
≥
c
M
2nk
ΦM2nk+1
.
Hence,
µ
x ∈ Gm :
∣∣∣σM2nk+1fk (x)∣∣∣
ΦM2nk+1
≥
c
M
2nk
ΦM2nk+1

≥ µ (Gm) = 1.
Therefore, by using (1.54) in Example 1.44 we get that
c
M
2nk
ΦM2nk
+1
(
µ
{
x ∈ Gm :
∣∣∣∣σM2nk +1fk(x)
∣∣∣∣
ΦM2nk
+1
≥ c
M
2nk
ΦM2nk
+1
})1/p
‖fk‖Hp
≥
c
M
2nk
ΦM2nk+1
M1/p−1
2nk
=
cM1/p−2
2nk
ΦM2nk+1
→∞, when k →∞.
Thus, also part b) is proved so the proof is complete.
We also point out the following consequence of Theorem 3.4, which we need later on.
Corollary 3.5 a) Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
‖σnf‖p ≤ cp (n + 1)
1/p−2 ‖f‖Hp , n ∈ N+.
Proof: According to part a) of Theorem 3.4 we conclude that∥∥∥∥∥ σnf(n + 1)1/p−2
∥∥∥∥∥
p
≤
∥∥∥∥∥supn∈N |σnf |(n+ 1)1/p−2
∥∥∥∥∥
p
≤ c ‖f‖Hp , n ∈ N+.
The proof is complete.
We also mention the following corollaries:
,
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Corollary 3.6 Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
(3.6). Then there exists a martingale f ∈ Hp such that
sup
n∈N
∥∥∥∥σnfΦn
∥∥∥∥
weak−Lp
= ∞.
Corollary 3.7 Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
(3.6). Then the following maximal operator
sup
n∈N
|σnf |
Φn
is not bounded from the Hardy space Hp to the space weak − Lp.
The next theorem can be found in Tephnadze [67].
Theorem 3.8 a) The maximal operator
∼
σ
∗
f := sup
n∈N
|σnf |
log2 (n+ 1)
is bounded from the Hardy spaceH1/2 to the Lebesgue space L1/2.
b) Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
lim
n→∞
log2 (n + 1)
Φn
= +∞. (3.11)
Then
sup
k∈N
∥∥∥σqnk fkΦqnk ∥∥∥1/2
‖fk‖H1/ 2
= ∞.
Proof: First we note that σn is bounded from L∞ to L∞ (see (1.23) in Corollary 1.16).
Hence, according to Lemma 1.39, to prove part a) it suffices to show that∫
IN
(
sup
n∈N
|σna|
log2 (n+ 1)
)1/2
dµ ≤ c <∞
for every 1/2-atom a, where I denotes the support of the atom.
Let a be an arbitrary 1/2-atom with support I and µ (I) = M−1N . We may assume that
I = IN . It is easy to see that σn (a) = 0 when n ≤ MN . Therefore we can suppose that
n > MN .
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Since ‖a‖∞ ≤M
2
N we obtain that
|σn (a)|
log2 (n + 1)
≤
1
log2 (n+ 1)
∫
IN
|a (t)| |Kn (x− t)| dµ (t)
≤
‖a‖∞
log2 (n+ 1)
∫
IN
|Kn (x− t)| dµ (t)
≤
M2N
log2 (n+ 1)
∫
IN
|Kn (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Then, from Corollary 1.21 it follows that
|σn (a)|
log2 (n + 1)
(3.12)
≤
cM2N
N2
MlMk
M2N
=
cMlMk
N2
.
The expression on the right-hand side of (3.12) does not depend on n. Therefore,
|σ˜∗a (x)| ≤
cMlMk
N2
, for x ∈ Ik,lN , 0 ≤ k < l ≤ N. (3.13)
By applying (3.13) with identity (1.1) we obtain that∫
IN
|σ˜∗a (x)|1/2 dµ (x)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣∣∼σ∗a (x)∣∣∣1/2 dµ (x)
+
N−1∑
k=0
∫
Ik,NN
|σ˜∗a (x)|1/2 dµ (x)
≤ c
N−2∑
k=0
N−1∑
l=k+1
ml+1 . . .mN−1
MN
M
1/2
l M
1/2
k
N
+c
N−1∑
k=0
1
MN
M
1/2
N M
1/2
k
N
:= I + II.
We estimate each term separately.
I ≤
c
N
N−2∑
k=0
N−1∑
l=k+1
M
1/2
k
M
1/2
l
≤
c
N
N−2∑
k=0
1 ≤ c <∞.
,
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Moreover,
II ≤
1
M
1/2
N N
N−1∑
k=0
M
1/2
k ≤
c
N
< c <∞.
The proof of part a) is complete.
Let {λk : k ∈ N} be an increasing sequence of positive integers such that
lim
k→∞
log2 (λk + 1)
Φλk
=∞.
It is evident that for every λk there exists a positive integers m
,
k such that qm′k
≤ λk <
qm′k+1 < c qm′k
. Since Φn is a non-decreasing function we have that
lim
k→∞
(
m
′
k
)2
Φqm,
k
≥ c lim
k→∞
log2 (λk + 1)
Φλk
=∞.
Let {nk : k ∈ N} ⊂ {m
′
k : k ∈ N} be a subsequence of positive numbers N+ such that
lim
k→∞
n2k
Φqnk
=∞
and let fk be the atom defined in Example 1.44. We combine (1.52) and (1.53) in Example
1.44 and invoke (1.11) in Lemma 1.2 to obtain that∣∣σqnkfk∣∣
Φqnk
=
1
Φqnk qnk
∣∣∣∣∣
qnk∑
j=1
Sjfk
∣∣∣∣∣
=
1
Φqnk qnk
∣∣∣∣∣∣
qnk∑
j=M2nk
+1
Sjfk
∣∣∣∣∣∣
=
1
Φqnk qnk
∣∣∣∣∣∣
qnk∑
j=M2nk
+1
(
Dj −DM2nk
)∣∣∣∣∣∣
=
1
Φqnk qnk
∣∣∣∣∣
qnk−1∑
j=1
(
Dj+M2nk
−DM2nk
)∣∣∣∣∣
=
1
Φqnk qnk
∣∣∣∣∣
qnk−1∑
j=1
Dj
∣∣∣∣∣
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=
1
Φqnk
qnk−1
qnk
∣∣∣Kqnk−1∣∣∣ .
Let x ∈ I2s,2l
2nk
. Then, in view of Lemma 1.19, we can conclude that∣∣σqnkfk(x)∣∣
Φqnk
≥
cM2sM2l
M2nkΦqnk
.
Hence, ∫
Gm
∣∣∣∣∣σqnkfkΦqnk
∣∣∣∣∣
1/2
dµ
≥
nk−3∑
s=0
nk−1∑
l=s+1
m2l+1∑
x2l+1=0
...
m2nk−1∑
x2nk−1=0
∫
I2s,2l2nk
∣∣∣∣∣σqnkfkΦqnk
∣∣∣∣∣
1/2
dµ
≥ c
nk−3∑
s=0
nk−1∑
l=s+1
m
2l+1
...m2nk−1
M2nk
M
1/2
2s M
1/2
2l
Φ
1/2
qnk
M
1/2
2nk
≥ c
nk−3∑
s=0
nk−1∑
l=s+1
M
1/2
2s
M
1/2
2l M
1/2
2nk
Φ
1/2
qnk
≥
cnk
M
1/2
2nk
Φ
1/2
qnk
.
From (1.54) in Example 1.44 we have that(∫
Gm
∣∣∣σqnk fkΦqnk ∣∣∣1/2 dµ
)2
‖fk‖H1/ 2
≥
cn2k
M2nkΦqnk
M2nk
≥
cn2k
Φqnk
→∞, when k →∞.
Thus, also part b) is proved so the proof is complete.
We also point out the following consequence of Theorem 3.8, which we need later on.
Corollary 3.9 Let f ∈ H1/2. Then there exists an absolute constant c such that
‖σnf‖1/2 ≤ c log
2 (n + 1) ‖f‖H1/2 , n ∈ N+.
,
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Proof: According to part a) of Theorem 3.8 we readily conclude that∥∥∥∥ σnflog2 (n + 1)
∥∥∥∥
1/2
≤
∥∥∥∥sup
n∈N
|σnf |
log2 (n + 1)
∥∥∥∥
1/2
≤ c ‖f‖H1/2 , n ∈ N+.
The proof is complete.
We also mention the following corollaries:
Corollary 3.10 Let {Φn : n ∈ N} be any non-decreasing sequence, satisfying the condition
(3.11). Then there exists a martingale f ∈ H1/2, such that
sup
n∈N
∥∥∥∥σnfΦn
∥∥∥∥
1/2
= ∞.
Corollary 3.11 Let {Φn : n ∈ N} be any non-decreasing sequence, satisfying the condition
(3.11). Then the following maximal operator
sup
n∈N
|σnf |
Φn
is not bounded from the Hardy space H1/2 to the Lebesgue space L1/2.
The next results was proved by Tephnadze [53].
Theorem 3.12 a) Let 0 < p ≤ 1/2 and {nk : k ∈ N} be a subsequence of positive numbers
such that
sup
k∈N
ρ (nk) = κ < c <∞. (3.14)
Then the maximal operator
σ˜∗,△f := sup
k∈N
|σnkf |
is bounded from the Hardy spaceHp to the Lebesgue space Lp.
b) Let 0 < p < 1/2 and {nk : k ∈ N} be a subsequence of positive numbers satisfying
the condition
sup
k∈N
ρ (nk) =∞. (3.15)
Then there exists an martingale f ∈ Hp such that
sup
k∈N
‖σnkf‖weak−Lp = ∞, (0 < p < 1/2) .
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Proof: Since σ˜∗,△ is bounded from L∞ to L∞, by using Lemma 1.39, we obtain that the
proof of part a) is complete if we show that∫
IN
|σ˜∗,△a (x)| < c <∞,
for every p-atom a with support IN and µ (IN) = M
−1
N . Analogously to Theorem 3.8 we
may assume that nk > MN .
Since ‖a‖∞ ≤M
1/p
N we find that
|σnk (a)| ≤
∫
IN
|a (t)| |Knk (x− t)| dµ (t) (3.16)
≤ ‖a‖∞
∫
IN
|Knk (x− t)| dµ (t)
≤M
1/p
N
∫
IN
|Knk (x− t)| dµ (t) .
Let x ∈ I i,jN and i < j < 〈nk〉 . Then x− t ∈ I
i,j
N for t ∈ IN and, according to Lemma
1.11 we obtain that
|KMl (x− t)| = 0, for all 〈nk〉 ≤ l ≤ |nk| .
By applying (3.16) and (1.22) in Lemma 1.16 we get that
|σnka (x)| ≤ M
1/p
N
|nk|∑
l=〈nk〉
∫
IN
|KMl (x− t)| dµ (t) = 0,
for x ∈ I i,jN , 0 ≤ i < j < 〈nk〉 ≤ l ≤ |nk| .
Let x ∈ I i,jN ,where 〈nk〉 ≤ j ≤ N. Then, in view of Corollary 1.21, we have that∫
IN
|Knk (x− t)| dµ (t) ≤
cMiMj
M2N
.
By using again (3.16) we obtain that
|σnka (x)| ≤ cpM
1/p−2
N MiMj.
Set
̺ := min
k∈N
〈αk〉 .
Then
|σ˜∗,△a (x)| = 0, for x ∈ I i,jN , 0 ≤ i < j ≤ ̺ (3.17)
,
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and
|σ˜∗,△a (x)| ≤ cpM
1/p−2
N MiMj , for x ∈ I
i,j
N , i < ̺ ≤ j ≤ N − 1. (3.18)
Analogously to (2.24) we can conclude that
N − ̺ ≤ κ (3.19)
and
M1−2pN
M1−2p̺
≤ λ(N−̺)(1−2p) ≤ λκ(1−2p) < c <∞, (3.20)
where λ = supkmk.
Let p = 1/2. By combining (3.17)-(3.19) with (1.1) we get that∫
IN
|σ˜∗,△a|
1/2
dµ
=
N−2∑
i=0
N−1∑
j=i+1
∫
Ii,jN
|σ˜∗,△a|
1/2
dµ
+
N−1∑
i=0
∫
Ii,NN
|σ˜∗,△a|
1/2
dµ
≤
̺−1∑
i=0
N−1∑
j=̺
∫
Ii,jN
|σ˜∗,△a|
1/2
dµ
+
N−2∑
i=̺
N−1∑
j=i+1
∫
Ii,jN
|σ˜∗,△a|
1/2
dµ+
N−1∑
i=0
∫
Ii,NN
|σ˜∗,△a|
1/2
dµ
≤ c
̺∑
i=0
M
1/2
i
N−1∑
j=̺+1
1
M
1/2
j
+
N−2∑
i=̺
M
1/2
i
N−1∑
j=i+1
1
M
1/2
j
+ cp
N−1∑
i=0
M
1/2
i
M
1/2
N
≤ cM1/2̺
1
M
1/2
̺
+ c
N−2∑
i=̺
M
1/2
i
1
M
1/2
i
+ c
≤ N − ̺+ c ≤ c <∞.
Let 0 < p < 1/2. By combining (3.17), (3.18) and (3.20) with (1.1) we have that∫
IN
|σ˜∗,△a|
p
dµ
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=
N−2∑
i=0
N−1∑
j=i+1
∫
Ii,jN
|σ˜∗,△a|
p
dµ
+
N−1∑
i=0
∫
Ik,NN
|σ˜∗,△a|
p
dµ
≤
̺−1∑
i=0
N−1∑
j=̺
∫
Ii,jN
|σ˜∗,△a|
p
dµ
+
N−2∑
i=̺
N−1∑
j=i+1
∫
Ii,jN
|σ˜∗,△a|
p
dµ+
N−1∑
i=0
∫
Ii,NN
|σ˜∗,△a|
p
dµ
≤ cpM
1−2p
N
̺∑
i=0
Mpi
N−1∑
j=̺+1
1
M1−pj
+M1−2pN
N−2∑
i=̺
Mpi
N−1∑
j=i+1
1
M1−pj
+ cp
N−1∑
i=0
Mpi
MpN
≤
cpM
1−2p
N
M1−2p̺
+ cp ≤ cpλ
(|nk|−〈nk〉)(1−2p) + cp <∞.
The proof of part a) is complete.
Let {nk : k ∈ N} be a sequence of positive numbers satisfying condition (3.15). Then
sup
k∈N
M|nk|
M〈nk〉
=∞. (3.21)
Under condition (3.21) there exists a sequence {αk : k ∈ N} ⊂ {nk : k ∈ N} such that
∞∑
k=0
M
(1−2p)/2
〈αk〉
M
(1−2p)/2
|αk|
< c <∞.
Let f =
(
f (n) : n ∈ N
)
be the martingae defined in Example 1.48, where
λk =
λM
(1/p−2)/2
〈αk〉
M
(1/p−2)/2
|αk|
, λ = sup
n∈N
mn. (3.22)
By applying (1.38) we can conclude that f ∈ Hp.
By now using (1.68) with λk defined by (3.22) we obtain that
f̂(j) (3.23)
,
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=
 M
1/2p
|αk |
M
(1/p−2)/2
〈αk〉
, j ∈
{
M|αk|, ..., M|αk|+1 − 1
}
, k ∈ N+,
0, j /∈
∞⋃
k=0
{
M|αk|, ..., M|αk|+1 − 1
}
.
Therefore,
σαkf =
1
αk
M|αk |∑
j=1
Sjf +
1
αk
αk∑
j=M|αk|
+1
Sjf
:= I + II.
LetM|αk| < j ≤ αk. Then, according to (3.23) we have that
Sjf = SM|αk |
f +M
1/2p
|αk |
M
(1/p−2)/2
〈αk〉
Dj−M|αk|
. (3.24)
By applying (3.24) we can rewrite II as
II =
αk −M|αk|
αk
SM|αk |
f
+
M
1/2p
|αk |
M
(1/p−2)/2
〈αk〉
ψM|αk|
αk
αk∑
j=M|αk|
+1
Dj−M|αk|
:= II1 + II2.
In view of Corollary 2.13 for II1 we find that
‖II1‖
p
weak−Lp
≤
(
αk −M|αk |
αk
)p ∥∥∥SM|αk|f∥∥∥pweak−Lp
≤ cp ‖f‖
p
Hp
<∞.
By using part a) of Theorem 3.12 for I we obtain that
‖I‖pweak−Lp =
(
M|αk|
αk
)p ∥∥∥σM|αk|f∥∥∥pweak−Lp
≤ c ‖f‖pHp ≤ cp <∞.
Under condition (3.15) we can conclude that
〈αk〉 6= |αk| and
〈
αk −M|αk |
〉
= 〈αk〉 .
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Let x ∈ I〈αk〉−1,〈αk〉
〈αk〉+1
. According to Lemma 1.18 we get that
|II2| =
M
1/2p
|αk|
M
(1/p−2)/2
〈αk〉
αk
∣∣∣∣∣∣
αk−M|αk |∑
j=1
Dj
∣∣∣∣∣∣
=
M
1/2p
|αk|
M
(1/p−2)/2
〈αk〉
αk
(
αk −M|αk |
) ∣∣∣Kαk−M|αk|∣∣∣
≥ cM
1/2p−1
|αk |
M
(1/p−2)/2
〈αk〉
(
αk −M|αk |
) ∣∣∣Kαk−M|αk |∣∣∣
≥ cM
1/2p−1
|αk |
M
(1/p+2)/2
〈αk〉
.
It follows that
‖II2‖
p
weak−Lp
≥ cp
(
M
(1/p−2)/2
|αk|
M
(1/p+2)/2
〈αk〉
)p
µ
{
x ∈ Gm : |II2| ≥ cpM
(1/p−2)/2
|αk |
M
(1/p+2)/2
〈αk〉
}
− cp
≥ cpM
1/2−p
|αk |
M
1/2+p
〈αk〉
µ
{
I〈αk〉−1,〈αk〉
〈αk〉+1
}
≥
cpM
1/2−p
|αk|
M
1/2−p
〈αk〉
→∞, when k →∞.
By now combining the estimates above we can conclude that
‖σαkf‖
p
weak−Lp
≥ ‖II2‖
p
weak−Lp
− ‖II1‖
p
weak−Lp
− ‖I‖pweak−Lp
≥
1
2
‖II2‖
p
weak−Lp
≥
cpM
1/2−p
|αk|
M
1/2−p
〈αk〉
→∞, when k →∞.
The proof is complete.
From the part a) of Theorem 3.12 follows immediately the following well-known results
of Weisz [85]:
Corollary 3.13 Let p > 0. Then the maximal operator
σ#f := sup
n∈N
|σMnf |
is bounded from the Hardy spaceHp to the Lebesgue space Lp.
,
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Proof: It is obvious that
|Mn| = [Mn] = n
and
sup
n∈N
ρ (Mn) = 0 < c <∞.
It follows that condition (3.14) is satisfied and the proof is complete by just applying
part a) of Theorem 3.12.
Our next results reads:
Theorem 3.14 Let 0 < p ≤ 1. Then the operator |σMnf | is not bounded from the martingale
Hardy space Hp to the martingale Hardy space Hp.
Remark 3.15 This result for the Walsh system can be found in Goginava [30] and for
bounded Vilenkin systems in the paper of Persson and Tephnadze [52].
Proof: Let fk be the martingale from Example 1.44. By combining (1.11) in Lemma 1.2
and (1.52), (1.53) in Example 1.44 we find that
σM2nk+1fk
=
1
M2nk+1
M2nk+1∑
j=1
Sjfk
=
1
M2nk+1
M2nk+1∑
j=M2nk+1
Sjfk
=
1
M2nk+1
M2nk+1∑
j=M2nk+1
(
Dj −DM2nk
)
=
1
M2nk+1
M2nk∑
j=1
(
Dj+M2nk −DM2nk
)
=
ψM2nk
M2nk+1
M2nk∑
j=1
Dj =
ψM2nk
m2nk
KM2nk .
It is evident that
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
=
∫
Gm
∣∣∣σM2nk fk (t)∣∣∣DMN (x− t) dµ (t)
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≥
∫
I2nk
∣∣∣σM2nkfk (t)∣∣∣DMN (x− t) dµ (t)
≥ c
∫
I2nk
∣∣∣KM2nk+1 (t)∣∣∣DMN (x− t) dµ (t)
≥ cM2nk
∫
I2nk
DMN (x− t) dµ (t) .
Since
ψj (t) = 1, for t ∈ I2nk , j = 0, 1, ...,M2nk − 1
we obtain that
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
≥ cM2nk
1
M2nk
DMN (x) , N = 0, 1, ...,MN − 1
and
sup
1≤N<M2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
≥ sup
1≤N<M2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
≥ sup
1≤N<M2nk
DMN (x) .
Let x ∈ Is/Is+1, for some s = 0, 1, · · · , 2nk − 1. Then, from Corollary 1.5 it follows that
sup
1≤N<M2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣) ≥ cMs.
According to Lemma 1.37 for every 0 < p ≤ 1 it yields that∥∥∥∣∣∣σM2nk+1fk∣∣∣∥∥∥pHp (3.25)
=
∥∥∥∥ sup
1≤N<2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
∥∥∥∥p
p
≥
∫
Gm
(
sup
1≤N<M2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
)p
dµ (x)
≥
2nk−1∑
s=1
∫
Is\Is+1
(
sup
1≤N<M2nk
SMN
(∣∣∣σM2nk+1fk (x)∣∣∣)
)p
dµ (x)
Let 0 < p < 1. Then ∥∥∥∣∣∣σM2nk+1fk∣∣∣∥∥∥pHp ≥ c
2nk−1∑
s=1
Mps
Ms
= cp > 0.
,
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Let p = 1.We find that
∥∥∥∣∣∣σM2nk+1fk∣∣∣∥∥∥H1 ≥ c
2nk−1∑
s=1
Ms
Ms
≥ cnk. (3.26)
By combining (1.54) and (3.25) with (3.26) in Example 1.44 we can conclude that∥∥∥∣∣∣σM2nk+1fk∣∣∣∥∥∥Hp
‖fk‖Hp
≥
cp
M
1−1/p
2nk
→∞, when k →∞, 0 < p < 1
and ∥∥∥∣∣∣σM2nk+1fk∣∣∣∥∥∥H1
‖fk‖H1
≥ cnk →∞, when k →∞.
The proof is complete.
Corollary 3.16 Let p > 0. Then the maximal operator
σ# := sup
n∈N
|σMnf |
is bounded from the Hardy space Hp to the Lebesgue space Lp, but it is not bounded from
the Hardy spaceHp to the Hardy spaceHp.
Proof: Since
|σMnf | ≤ σ
#f (3.27)
this result follows immediately from Corollary 3.13 and Theorem 3.14 so the proof is com-
plete.
Corollary 3.17 Let p > 0. Then the operator |σMnf | is bounded from the Hardy space Hp
to the space Lebesgue Lp, but is not bounded from the Hardy space Hp to the Hardy space
Hp.
Proof: By using (3.27) this result immediately follows Corollary 3.13 and Theorem
3.14, so the proof is complete.
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3.4 NORM CONVERGENCE OF VILENKIN-FEJE´R MEANS ON MARTINGALE HARDY SPACES
In this section we find necessary and sufficient conditions for the modulus of continuity of
martingale Hardy spaces Hp for which the partial sums of Vilenkin-Fourier series conver-
gence in Lp-norm. We also study sharpness of these results.
Theorems 3.18-3.22 can be found in Persson and Tephnadze [52] and Theorem 3.23-3.24
are proved in Tephnadze [71].
Theorem 3.18 Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
‖σnf‖Hp ≤ cpn
1/p−2 ‖f‖Hp , (0 < p < 1) .
Remark 3.19 We note that the asymptotic behaviour of the sequence
{
n1/p−2 : n ∈ N
}
in
Theorem 3.18 can not be improved (c.f. part b) of Theorem 3.4).
Proof: According to Theorem 3.18 and Corollary 3.9 if we invoke Example 1.46 we
can conclude that
‖σnf‖Hp ≤
∥∥σ#f∥∥
p
+ ‖σnf‖p (3.28)
≤ ‖f‖Hp + cpn
1/p−2 ‖f‖Hp
≤ cpn
1/p−2 ‖f‖Hp .
The proof is complete.
Theorem 3.20 Let f ∈ H1/2. Then there exists an absolute constant c such that
‖σnf‖H1/2 ≤ c log
2 n ‖f‖H1/2 .
Remark 3.21 We note that the asymptotic behaviour of the sequence of sequence
{
log2 n : n ∈ N
}
in Theorem 3.18 can not be improved (c.f. part b) of Theorem 3.8).
Proof: According to Theorem 3.18 and Corollary 3.9 if we invoke Example 1.46 we
can write that
‖σnf‖H1/2 ≤
∥∥σ#f∥∥
1/2
+ ‖σnf‖1/2
≤ ‖f‖H1/2 + c log
2 n ‖f‖H1/2
≤ c log2 n ‖f‖H1/2 .
The proof is complete.
,
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Theorem 3.22 Let 0 < p < 1 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
‖σMnf‖Hp ≤ cp ‖f‖Hp , (0 < p < 1) .
Proof: In the view of Corollary 3.16 and Example 1.46 we can conclude that
‖σMnf‖Hp ≤
∥∥∥∥ sup
0≤l≤n
|σMlf |
∥∥∥∥
p
≤ ‖f‖Hp .
The proof is complete.
Theorem 3.23 a) Let 0 < p < 1/2, f ∈ Hp and
ωp
(
1
Mn
, f
)
= o
(
1
M
1/p−2
n
)
when n→∞. (3.29)
Then
‖σnf − f‖Hp → 0, when n→∞.
b) Let 0 < p < 1/2. Then there exists a martingale f ∈ Hp for which
ω
(
1
Mn
, f
)
Hp
= O
(
1
M
1/p−2
n
)
when n→∞
and
‖σnf − f‖weak−Lp 9 0, when n→∞.
Proof: Let f ∈ Hp, 0 < p < 1/2, and MN < n ≤ MN+1. By a routine calculation we
immediately get that
σnSMNf − SMNf (3.30)
=
1
n
MN∑
k=0
SkSMNf +
1
n
n∑
k=MN+1
SkSMNf − SMNf
=
1
n
MN∑
k=0
Skf +
1
n
n∑
k=MN+1
SMNf − SMNf
=
1
n
MN∑
k=0
Skf +
n−MN
n
SMNf − SMNf
=
MN
n
σMNf −
MN
n
SMNf
=
MN
n
(SMNσMNf − SMNf)
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=
MN
n
SMN (σMNf − f) .
Hence,
‖σnf − f‖
p
Hp
≤ ‖σnf − σnSMNf‖
p
Hp
+ ‖σnSMNf − SMNf‖
p
Hp
+ ‖SMNf − f‖
p
Hp
= ‖σn (SMNf − f)‖
p
Hp
+ ‖SMNf − f‖
p
Hp
+ ‖σnSMNf − SMNf‖
p
Hp
≤ cp
(
n1−2p + 1
)
ωpHp
(
1
MN
, f
)
+ ‖SMN (σMNf − f)‖
p
p .
Let p > 0 and f ∈ Hp. According to Corollary 2.13 and Theorem 3.22 we get that
‖SMkf − f‖Hp → 0, when k →∞, (p > 0) (3.31)
and
‖σMkf − f‖Hp → 0, when k →∞, (p > 0) . (3.32)
Hence,
‖σnSMNf − SMNf‖
p
Hp
=
MpN
np
‖SMN (σMNf − f)‖
p
Hp
≤ ‖SMN (σMNf − f)‖
p
Hp
≤ ‖σMNf − f‖
p
Hp
→ 0, when k →∞.
It follows that under condition (3.29) we have that
‖σnf − f‖Hp → 0, when n→∞.
This completes the proof of part a) so we turn to the part b).
First, we consider case 0 < p < 1/2. Let f = (fn : n ∈ N) be the martingale defined in
Lemma 1.47, where
λk =
λ
M
1/p−2
2αk
.
By combining (1.55) and (1.58) in Lemma 1.47 we conclude that the martingale f ∈
Hp and
ωHp(
1
Mn
, f) ≤
 ∑
{k,2αk≥n}
1
M1−2p2αk
1/p
= O
(
1
M
1/p−2
n
)
, when n→∞.
,
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A simple calculation gives that
f̂(j) =
 M2αi , j ∈ {M2αi , ...,M2αi+1 − 1} , i ∈ N+,0, j /∈ ∞⋃
i=0
{M2αi , ...,M2αi+1 − 1} .
(3.33)
By using (3.33) we obtain that
‖σM2αk+1f − f‖weak−Lp
= ‖
M2αkσM2αkf
M2αk + 1
+
SM2αkf
M2αk + 1
+
M2αkψM2αk+1
M2αk + 1
−
M2αkf
M2αk + 1
−
f
M2αk + 1
‖weak−Lp
≥
M2αk
M2αk + 1
‖ψM2αk‖weak−Lp
−
M2αk
M2αk + 1
‖σM2αkf − f‖weak−Lp
−
1
M2αk + 1
‖SM2αkf − f‖weak−Lp
≥
M2αk
M2αk + 1
− o (1) , when k →∞.
Therefore,
lim sup
k→∞
‖σM2αk+1f − f‖weak−Lp
≥ lim sup
k→∞
M2αk
M2αk + 1
≥ c > 0.
Hence also part b) is proved so the proof is complete.
Theorem 3.24 a) Let f ∈ H1/2 and
ωH1/2
(
1
Mn
, f
)
= o
(
1
n2
)
, when n→∞. (3.34)
Then
‖σnf − f‖H1/2 → 0, when n→∞.
b) There exists a martingale f ∈ H1/2 for which
ωH1/2
(
1
Mn
, f
)
= O
(
1
n2
)
, when n→∞
and
‖σnf − f‖1/2 9 0, when n→∞.
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Proof: Let f ∈ H1/2 andMN < n ≤ MN+1. By using identity (3.30) we find that
‖σnf − f‖
1/2
H1/2
≤ ‖σnf − σnSMNf‖
1/2
H1/2
+ ‖σnSMNf − SMNf‖
1/2
H1/2
+ ‖SMNf − f‖
1/2
H1/2
= ‖σn (SMNf − f)‖
1/2
H1/2
+ ‖SMNf − f‖
1/2
H1/2
+ ‖σnSMNf − SMNf‖
1/2
H1/2
≤ c
(
log2 n+ 1
)
ω
1/2
H1/2
(
1
MN
, f
)
+ ‖σnSMNf − SMNf‖
1/2
H1/2
.
Let p > 0 and f ∈ Hp. By combining (3.31), (3.32) and equality (3.30) we have that
‖σnSMNf − SMNf‖
1/2
H1/2
(3.35)
=
MN
n
‖SMN (σMNf − f)‖
1/2
H1/2
→ 0 when k →∞.
It follows that under condition (3.34) we obtain that
‖σnf − f‖H1/2 → 0, when n→∞.
and the proof of part a) is complete.
Let f =
(
f (n) : n ∈ N
)
be a martingale from the Lemma 1.52 where p = 1/2. Then
f ∈ H1/2 and
ωH1/2(
1
Mn
, f) = O
(
1
n2
)
, when n→∞.
Hence,
σqMkf − f (3.36)
=
M2MkσM2Mkf
qMk
+
1
qMk
qMk∑
j=M2Mk+1
Sjf
−
M2Mkf
qMk
−
qMk−1f
qMk
.
LetM2Mk < j ≤ qMk . By combining (1.85) and (1.87) we have that
1
qMk
qMk∑
j=M
2Mk
+1
Sjf
=
qMk−1SM2Mkf
qMk
+
M2MkψM2Mk
qMkM
2
k
qMk−1∑
j=1
Dj
,
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=
qMk−1SM2Mkf
qMk
+
M2MkψM2Mk
qMk−1KqMk−1
qMkM
2
k
.
By using (3.36) we get that
‖σqMkf − f‖
1/2
1/2 (3.37)
≥
c
Mk
‖qMk−1KqMk−1‖
1/2
1/2
−
(
M2Mk
qMk
)1/2
‖σM
2Mk
f − f‖
1/2
1/2
−
(
qMk−1
qMk
)1/2
‖SM2Mkf − f‖
1/2
1/2.
Let
x ∈ I2s,2η2Mk , s = η + 2, η + 3,Mk − 2.
By applying Lemma 1.19 we find that
qMk−1
∣∣∣KqMk−1 (x)∣∣∣ ≥ M2ηM2s4 .
Hence, ∫
Gm
∣∣∣qMk−1KqMk−1∣∣∣1/2 dµ (3.38)
≥ c
Mk−4∑
η=1
Mk−2∑
s=η+2
m2s+1−1∑
x2s+1=0
...
m2Mk−1−1∑
x2αk−1
=0
∫
I2s,2η2Mk
∣∣∣qMk−1KqMk−1∣∣∣1/2 dµ
≥ c
Mk−4∑
η=1
Mk−2∑
s=η+2
1
2M2s
M
1/2
2s M
1/2
2η ≥ cMk.
By combining (3.37) and (3.38) we obtain that
lim sup
k→∞
‖σqMkf − f‖1/2 ≥ c > 0.
Thus also the part b) is proved so the proof is complete.
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3.5 STRONG CONVERGENCE OF VILENKIN-FEJE´R MEANS ON MARTINGALE HARDY
SPACES
The first result in this section is due to Blahota and Tephnadze [5]:
Theorem 3.25 a) Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
∞∑
k=1
‖σkf‖
p
p
k2−2p
≤ cp ‖f‖
p
Hp
.
b) Let 0 < p < 1/2 and {Φk : k ∈ N} be any non-decreasing sequence satisfying the
conditions Φn ↑ ∞ and
lim
k→∞
k2−2p
Φk
= ∞. (3.39)
Then there exists a martingale f ∈ Hp such that
∞∑
k=1
‖σkf‖
p
weak−Lp
Φk
= ∞.
Proof: According to Lemma 1.38 it suffices to show that
∞∑
m=1
‖σma‖
p
p
m2−2p
≤ c <∞
for every p-atom a with support I , µ (I) = M−1N .We may assume that I = IN and n > MN .
Let x ∈ IN . Since σn is bounded from L∞ to L∞ (see (1.23) in Corollary 1.16) and
‖a‖∞ ≤ M
1/p
N we obtain that∫
IN
|σma|
p dµ ≤ c
‖a‖p∞
MN
≤ c <∞, 0 < p < 1/2.
Hence,
∞∑
m=1
∫
IN
|σma|
p dµ
m2−2p
≤
∞∑
m=1
1
m2−2p
≤ c <∞.
It is easy to see that
|σma (x)|
≤
∫
IN
|a (t)| |Km (x− t)| dµ (t)
,
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≤ ‖a (x)‖∞
∫
IN
|Km (x− t)| dµ (t)
≤M
1/p
N
∫
IN
|Km (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Then, from Corollary 1.21 it follows that
|σma (x)| ≤ cpMlMkM
1/p−2
N . (3.40)
By combining (1.1) and (3.40) if we invoke also estimates (3.9) and (3.10) we obtain
that ∫
IN
|σma (x)|
p dµ (x) (3.41)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0, j∈{l+1,...,N−1}
∫
Ik,lN
|σma (x)|
p dµ (x)
+cp
N−1∑
k=0
∫
Ik,NN
|σma (x)|
p dµ (x)
≤ cp
N−2∑
k=0
N−1∑
l=k+1
ml+1 · · ·mN−1
MN
Mpl M
p
kM
1−2p
N
+cp
N−1∑
k=0
1
MN
MpkM
1−p
N
≤ cpM
1−2p
N
N−2∑
k=0
N−1∑
l=k+1
Mpl M
p
k
Ml
+ cp
N−1∑
k=0
Mpk
MpN
≤ cpM
1−2p
N .
Let 0 < p < 1/2. By using (3.41) we get that
∞∑
m=MN+1
∫
IN
|σma (x)|
p dµ (x)
m2−2p
≤
∞∑
m=MN+1
cM1−2pN
m2−p
< c <∞.
and the proof of part a) is complete.
Under condition (3.39) there exists an increasing numbers {αk : k ∈ N}, such that
lim
k→∞
cM2−2p|αk |+1
ΦM|αk|+1
= ∞.
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There exists a sequence {αk : k ∈ N} ⊂ {nk : k ∈ N} such that
|αk| > 2, for k ∈ N
and
∞∑
η=0
Φ
1/2
M|αη |+1
M1−p|αη |
(3.42)
= m1−p|αη |
∞∑
η=0
Φ
1/2
M|αη |+1
M1−p|αη |+1
< c <∞.
Let f be the martingale defined in Example 1.48 in the case when
λk =
λΦ
1/2p
M|αk|+1
M
1/p−1
|αk |
. (3.43)
By applying (3.42) we can conclude that f ∈ Hp.
By now using (3.43) with λk defined by (1.68) we readily get that
f̂(j) (3.44)
=

Φ
1/2p
M|αk |+1
, j ∈
{
M|αk|, . . . , M|αk|+1 − 1
}
, k ∈ N,
0, j /∈
∞⋃
k=0
{
M|αk |, . . . , M|αk|+1 − 1
}
.
Hence,
σαkf =
1
αk
M|αk |∑
j=1
Sjf +
1
αk
αk∑
j=M|αk|
+1
Sjf (3.45)
:= III + IV.
LetM|nk| < j < αk. According to (3.44) and (1.69), we can write that
Sjf (3.46)
=
k−1∑
η=0
Φ
1/2p
M|αη |+1
(
DM|αη |+1 −DM|αη |
)
+Φ
1/2p
M|αk |+1
ψM|αk|
Dj−M|αk|
.
By using (3.46) in IV we obtain that
IV =
αk −M|nk|
αk
k−1∑
η=0
Φ
1/2p
M|αη |+1
(
DM|αη |+1 −DM|αη |
)
(3.47)
,
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+
Φ
1/2p
M|αk|+1
ψM|αk|
αk
αk∑
j=M|αk|
+1
Dj−M|αk|
:= IV1 + IV2.
We calculate each term separately. First we define a set of positive numbers n ∈ N1,, for
which 〈n〉 = 1, that is,
N1 :=
n ∈ N : n = n1M1 +
|n|∑
i=2
niMi
 ,
where n1 ∈ {1, . . . , m1 − 1} and ni ∈ {0, . . . , mi − 1} , for i ≥ 2.
Let αk ∈ N1 and x ∈ I
0,1
2 . Since αk −M|αk| ∈ N2 and |αk| 6= 〈αk〉 for every |αk| > 2,
by applying Lemma 1.18, we find that
|IV2| =
cpΦ
1/2p
M|αk|+1
αk
∣∣∣∣∣∣
αk−M|αk|∑
j=1
D
j
(x)
∣∣∣∣∣∣
=
cpΦ
1/2p
M|αk|+1
αk
∣∣∣(αk −M|αk |)Kαk−M|αk | (x)∣∣∣
≥
cpΦ
1/2p
M|αk|+1
αk
.
Let x ∈ I0,12 , n ≥ 2 and 1 ≤ sn ≤ mn − 1. By combining Corollary 1.5, Lemma 1.11
and (1.18) in Lemma 1.13 we have that
KsnMn (x) = DMn (x) = 0, for n ≥ 2.
Since |αk| > 2, k ∈ N, we obtain that
IV1 = 0, for x ∈ I
0,1
2 . (3.48)
Moreover, if we invoke (1.69) and (1.70) with (3.43) we get that
Sjf =

Φ1/2p
(
M|αs|+1
)
ψM|αs|Dj−M|αs|
,
M|αs| < j ≤M|αs|+1, s ∈ N+
0,
M|αs|+1 < j ≤M|αs+1|, s ∈ N+
and
III =
1
n
k−1∑
η=0
Φ1/2p
(
M|αη |+1
)
ψM|αη |
M|αη |+1∑
v=M|αη |+1
Dv−M|αη | (3.49)
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=
1
n
k−1∑
η=0
Φ1/2p
(
M|αη |+1
)
ψM|αη |
(
m|αη |−1
)
M|αη |∑
v=1
Dv−M|αη |
=
1
n
k−1∑
η=0
Φ1/2p
(
M|αη |+1
) (
m|αη | − 1
)
M|αη |K
(
m|αη |−1
)
M|αη |
(x) = 0.
Let 0 < p < 1/2, n ∈ N2 and M|αk| < n < M|αk |+1. By combining (3.45)-(3.49) we
find that
‖σnf‖
p
weak−Lp
≥
cpΦ
1/2
M|αk |+1
αpk
µ
x ∈ I0,12 : |IV2| ≥ cpΦ
1/2p
M|αk |+1
αk

≥
cpΦ
1/2
M|αk|+1
αpk
µ
{
I0,12
}
≥
cpΦ
1/2
M|αk|+1
Mp|αk |+1
.
Since ∑
{n∈N1:Mk≤n≤Mk+1}
1 ≥ cMk,
we obtain that
∞∑
n=1
‖σnf‖
p
weak−Lp
Φn
≥
∑
{
n∈N1:M|αk|
<n<M|αk |+1
}
‖σnf‖
p
weak−Lp
Φn
≥
cp
Φ
1/2
M|αk|+1
∑
{
N1:M|αk|
<n<M|αk|+1
}
1
Mp|αk|+1
≥
cpM
1−p
|αk|+1
Φ
1/2
M|αk|+1
→∞, when k →∞.
Therefore also part b) is proved so the proof is complete.
Corollary 3.26 Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
∞∑
k=1
‖σkf‖
p
Hp
k2−2p
≤ cp ‖f‖
p
Hp
,
,
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Proof: By combining (3.28) and Theorem 3.25 we have that
∞∑
k=1
‖σkf‖
p
Hp
k2−2p
≤
∞∑
k=1
‖σkf‖
p
p +
∥∥σ#f∥∥p
p
k2−2p
≤ c
∞∑
k=1
‖σkf‖
p
p + ‖f‖
p
p
k2−2p
≤ cp
∞∑
k=1
‖σkf‖
p
p
k2−2p
+ cp
∞∑
k=1
‖f‖pp
k2−2p
≤ c ‖f‖pHp
and the proof is complete.
Corollary 3.27 Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp,
depending only on p, such that
1
n
n∑
k=1
‖σkf‖
p
Hp
k1−2p
≤ cp ‖f‖
p
Hp
,
1
n
n∑
k=1
‖σkf − f‖
p
Hp
k1−2p
= 0,
and
1
n
n∑
k=1
‖σkf‖
p
Hp
k1−2p
= ‖f‖pHp .
In Blahota and Tephnadze [5] also the endpoint case p = 1/2 was considered and the
following result was proved:
Theorem 3.28 Let f ∈ H1/2. Then there exists an absolute constant c such that
1
log n
n∑
k=1
‖σkf‖
1/2
1/2
k
≤ c ‖f‖
1/2
H1/2
.
Proof: In view of Lemma 1.38 it suffices to show that
1
log n
n∑
m=1
‖σma‖
1/2
1/2
m
≤ c <∞
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for every p-atom a with support I , µ (I) = M−1N . Analogously to the previous Theorems we
may assume that I = IN and n > MN .
Let x ∈ IN . Since σn is bounded from L∞ to L∞ (see (1.23) in Corollary 1.16) and
‖a‖∞ ≤ M
2
N we obtain that∫
IN
|σma|
1/2 dµ ≤
‖a‖1/2∞
MN
≤ c <∞.
Hence,
1
log n
n∑
m=1
∫
IN
|σma|
1/2 dµ
m
≤
c
logn
n∑
m=1
1
m
≤ c <∞.
It is easy to see that
|σma (x)|
≤
∫
IN
|a (t)| |Km (x− t)| dµ (t)
≤ ‖a (x)‖∞
∫
IN
|Km (x− t)| dµ (t)
≤ M2N
∫
IN
|Km (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l < N. Then, from Lemma 1.20 it follows that
|σma (x)| ≤
cMlMkMN
m
. (3.50)
Let x ∈ Ik,NN , 0 ≤ k < N. Then, according to Lemma 1.20, we have that
|σma (x)| ≤ cM
2
N
Mk
MN
≤ cMkMN . (3.51)
By combining (1.1) with (3.50) and (3.51) we find that∫
IN
|σma (x)|
1/2 dµ (x)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0, j∈{l+1,...,N−1}
∫
Ik,lN
|σma (x)|
1/2 dµ (x)
,
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+
N−1∑
k=0
∫
Ik,NN
|σma (x)|
1/2 dµ (x)
≤ c
N−2∑
k=0
N−1∑
l=k+1
ml+1 · · ·mN−1
MN
M
1/2
l M
1/2
k M
1/2
N
m1/2
+c
N−1∑
k=0
1
MN
M
1/2
k M
1/2
N
≤ cM
1/2
N
N−2∑
k=0
N−1∑
l=k+1
M
1/2
l M
1/2
k
m1/2Ml
+c
N−1∑
k=0
M
1/2
k
M
1/2
N
≤
cM
1/2
N N
m1/2
+ c.
It follows that
1
logn
n∑
m=MN+1
∫
IN
|σma (x)|
1/2 dµ (x)
m
≤
1
logn
n∑
m=MN+1
(
cM
1/2
N N
m3/2
+
c
m
)
< c <∞.
The proof is complete.
Corollary 3.29 Let f ∈ H1/2. Then
1
log n
n∑
k=1
‖σkf‖
1/2
H1/2
k
≤ c ‖f‖
1/2
H1/2
,
lim
n→∞
1
log n
n∑
k=1
‖σkf − f‖
1/2
H1/2
k
= 0
and
lim
n→∞
1
log n
n∑
k=1
‖σkf‖
1/2
H1/2
k
= ‖f‖
1/2
H1/2
.
Proof: According to Theorem 3.28 we have that
1
log n
n∑
k=1
‖σkf‖
1/2
H1/2
k
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≤
1
log n
n∑
k=1
‖σkf‖
1/2
1/2 +
∥∥σ#f∥∥1/2
1/2
k
≤
c
logn
n∑
k=1
‖σkf‖
1/2
1/2 + ‖f‖
1/2
1/2
k
≤
c
log n
n∑
k=1
‖σkf‖
1/2
1/2
k
+
c
logn
n∑
k=1
‖f‖
1/2
1/2
k
≤ c ‖f‖
1/2
H1/2
.
The first inequality is proved. Analogously we can prove the second and third statement.
We leave out the details.
,
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4 VILENKIN-NO¨RLUND MEANS ON MARTINGALE HARDY SPACES
4.1 SOME CLASSICAL RESULTS ON VILENKIN-NO¨RLUND MEANS
It is well-known in the literature that the so-called No¨rlund means are generalizations of
the Feje´r, Cesa`ro and logarithmic means. The No¨rlund summation is a general summability
method. Therefore it is of prior interest to study the behavior of operators related to No¨rlund
means of Fourier series with respect to orthonormal systems.
In [69] it was proved that there exists a martingale f ∈ Hp, (0 < p ≤ 1), such that
the maximal operator of No¨rlund logarithmic means L∗ is not bounded in the Lebesgue
space Lp. Riesz logarithmic means with respect to the trigonometric system was studied by
a lot of authors.We mention, for instance, the paper by Szasz [65] and Yabuta [76]. These
means with respect to the Walsh and Vilenkin systems were investigated by Simon [56] and
Ga`t [18]. Blahota and Ga´t [8] considered norm summability of No¨rlund logarithmic means
and showed that Riesz logarithmic means Rn have better approximation properties on some
unbounded Vilenkin groups than the Feje´r means. Moreover, in [74] it was proved that the
maximal operator of Riesz‘s means is bounded from the Hardy space Hp to the Lebesgue
space Lp for p > 1/2 but not when 0 < p ≤ 1/2.
Mo´ricz and Siddiqi [41] investigate the approximation properties of some special No¨rlund
means of Walsh-Fourier series of Lp functions in norm. The case when {qk = 1/k : k ∈ N}
was excluded, since the methods of Mo´ricz and Siddiqi are not applicable to No¨rlund loga-
rithmic means. In [19] Ga´t and Goginava proved some convergence and divergence proper-
ties of the No¨rlund logarithmic means of functions in the class of continuous functions and in
the Lebesgue space L1. In particular, they gave a negative answer to the question of Mo´ricz
and Siddiqi [41]. Ga´t and Goginava [20] proved that for each measurable function satisfying
φ (u) = o
(
u log1/2 u
)
, when u→∞,
there exists an integrable function f such that∫
Gm
φ (|f (x)|) dµ (x) <∞
and that there exists a set with positive measure such that the Walsh-logarithmic means of
the function diverges on this set. Fridli, Manchanda and Siddiqi [15] improved and extended
results of Mo´ricz and Siddiqi [41] to dyadic homogeneous Banach spaces and Martingale
Hardy spaces.
In [26] Goginava investigated the behavior of Cesa`ro means of Walsh-Fourier series in
detail. In the two-dimensional case approximation properties of No¨rlund and Cesa`ro means
were considered by Nagy (see [42], [43] and [45]). The maximal operator σα,∗ (0 < α < 1)
of the (C, α)means of Vilenkin systems was investigated by Weisz [80]. In this paper Weisz
proved that σα,∗ is bounded from the martingale space Hp to the Lebesgue space Lp for
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p > 1/ (1 + α) . Goginava [24] gave a counterexample which shows that boundedness does
not hold for 0 < p ≤ 1/ (1 + α) . Weisz and Simon [61] showed that the maximal operator
σα,∗ is bounded from the Hardy space H1/(1+α) to the space weak − L1/(1+α).
4.2 MAXIMAL OPERATORS OF NO¨RLUND MEANS ON MARTINGALE HARDY SPACES
In this section we first state our main result concerning the maximal operator of the No¨rlund
summation method (see (1.2)). We also show that this result is in a sense sharp. The proof
can be found in Persson, Tephnadze and Wall [50].
Theorem 4.1 a) The maximal operator t∗ of the summability method (1.2) with non-decreasing
sequence {qk : k ∈ N} is bounded from the Hardy space H1/2 to the space weak − L1/2.
The statement in a) is sharp in the following sense:
b) Let 0 < p < 1/2 and {qk : k ∈ N} be a non-decreasing sequence satisfying the
condition
q0
Qn
≥
c
n
, (c > 0) . (4.1)
Then there exists a martingale f ∈ Hp, such that
sup
n∈N
‖tnf‖weak−Lp =∞.
Proof: Let the sequence {qk : k ∈ N} be non-decreasing. By combining (1.29) and
(1.30) and using Abel transformation we get that
|tnf | ≤
∣∣∣∣∣ 1Qn
n∑
j=1
qn−jSjf
∣∣∣∣∣
≤
1
Qn
(
n−1∑
j=1
|qn−j − qn−j−1| j |σjf |+ q0n |σnf |
)
≤
c
Qn
(
n−1∑
j=1
(qn−j − qn−j−1) j + q0n
)
σ∗f ≤ σ∗f
so that
t∗f ≤ σ∗f. (4.2)
In view of (4.2) we can conclude that the maximal operators t∗ is bounded from the
Hardy space H1/2 to the space weak − L1/2. The proof of part a) is complete.
Let f :=
(
f (n), n ∈ N
)
be the martingale defined in Example 1.49 in the case when
0 < p < q = 1/2. We can write that
tM2αk+1f =
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−jSjf +
q0
QM2αk+1
SM2αk+1f
,
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:= I + II.
According to (1.76) in Example 1.49 we can conclude that
|I| ≤
1
QM2αk+1
M2αk∑
j=0
qj
∣∣∣SM2αk+1−jf ∣∣∣ (4.3)
≤
2λM
1/p
2αk−1
α
1/2
k−1
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−j
≤
2λM
1/p
2αk−1
α
1/2
k−1
≤
M
1/p−2
αk
16α
3/2
k
.
If we now apply (1.77) for II we find that
|II| =
q0
QM2αk+1
∣∣∣SM2αk+1f ∣∣∣ ≥ q0QM2αk+1
M
1/p−1
2αk
4α
1/2
k
. (4.4)
Without lost the generality we may assume that c = 1 in (4.1). By combining (4.3) and
(4.4) we obtain that ∣∣∣tM2αk+1f ∣∣∣ ≥ |II| − |I|
≥
q0
QM2αk+1
M
1/p−1
2αk
4α
1/2
k
−
4λM
1/p−2
αk
α
3/2
k
≥
M
1/p−2
2αk
4α
1/2
k
−
4λM
1/p−2
αk
α
3/2
k
≥
M
1/p−2
2αk
8α
1/2
k
.
On the other hand,
µ
{
x ∈ Gm :
∣∣∣tM2αk+1f (x)∣∣∣ ≥ M1/p−22αk8α1/2k
}
= µ (Gm) = 1. (4.5)
Let 0 < p < 1/2. Then
M
1/p−2
2αk
8α
1/2
k
· µ
{
x ∈ Gm :
∣∣∣tM2αk+1f (x)∣∣∣ ≥ M1/p−22αk8α1/2k
}
(4.6)
=
M
1/p−2
2αk
8α
1/2
k
→∞, when k →∞.
The proof is complete.
The next Theorems (Theorems 4.2-4.4) are due to Persson, Tephnadze and Wall [51]:
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Theorem 4.2 a) Let 0 < p < 1/2 and the sequence {qk : k ∈ N} be non-decreasing. Then
the maximal operator
t˜∗p,1f := sup
n∈N
|tnf |
(n + 1)1/p−2
is bounded from the Hardy martingale space Hp to the Lebesgue space Lp.
Remark 4.3 Since the Feje´r means are examples of No¨rlund means with non-decreasing se-
quence {qk : k ∈ N} we immediately obtain from part b) of Theorem 3.4 that the asymptotic
behaviour of the sequence of weights{
1/ (k + 1)1/p−2 : k ∈ N
}
in No¨rlund means in Theorem 4.2 can not be improved.
Proof: The idea of proof is similar to that of part a) of Theorem 3.4, but in more general
situation so we give the details.
First we note that tn is bounded from L∞ to L∞ (see Corollary 1.23). Let a be an
arbitrary p-atom, with support I and µ (I) = M−1N . We may assume that I = IN . It is easy
to see that Sn (a) = tn (a) = 0, when n ≤ MN . Therefore, we can suppose that n > MN .
Hence,
tn (a) =
1
Qn
n∑
k=1
qn−kSk (a) (4.7)
=
1
Qn
n∑
k=MN
qn−kSk (a)
1
Qn
n∑
k=MN
qn−k
∫
IN
a (x)Dk (x− t) dµ (t) .
Since ‖a‖∞ ≤M
1/p
N it follows that
|tn (a)|
(n+ 1)1/p−2
≤
‖a‖∞
(n+ 1)1/p−2
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t)
≤
M
1/p
N
(n+ 1)1/p−2
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. From Lemma 1.27 we can deduce that
|tn (a)|
(n+ 1)1/p−2
≤
cpM
1/p
N
M
1/p−2
N
MlMk
M2N
= cpMlMk. (4.8)
,
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The expression on the right-hand side of (4.8) does not depend on n. Therefore,∣∣t˜∗p,1a (x)∣∣ ≤ cpMlMk, for x ∈ Ik,lN , 0 ≤ k < l ≤ N. (4.9)
By combining (1.1) with (4.9) we obtain that∫
IN
∣∣t˜∗p,1a (x)∣∣p dµ (x)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣t˜∗p,1a (x)∣∣p dµ (x)
+
N−1∑
k=0
∫
Ik,NN
∣∣t˜∗p,1a (x)∣∣p dµ (x)
≤ cp
N−2∑
k=0
N−1∑
l=k+1
ml+1...mN−1
MN
Mpl M
p
k + cp
N−1∑
k=0
1
MN
MpNM
p
k
≤ cp
N−2∑
k=0
N−1∑
l=k+1
Mpl M
p
k
Ml
+ cp
N−1∑
k=0
Mpk
M1−pN
< c <∞.
The proof is complete by using this estimate and Lemma 1.39.
Theorem 4.4 Let the sequence {qk : k ∈ N} be non-decreasing. Then the maximal operator
∼
t
∗
1f := sup
n∈N
|tnf |
log2 (n+ 1)
is bounded from the Hardy spaceH1/2 to the Lebesgue space L1/2.
Remark 4.5 Since the Feje´r means are examples of No¨rlund means with non-decreasing se-
quence {qk : k ∈ N} we immediately obtain from part b) of Theorem 3.8 that the asymptotic
behaviour of the sequence of weights{
1/ log2 (n + 1) : n ∈ N
}
in No¨rlund means in Theorem 4.4 can not be improved.
Proof: The idea of proof is similar as that of part a) of Theorem 3.8, but since this case
is more general we give the details.
Analogously to Theorem 4.2 we may assume that n > MN and a be a p-atom with
support I = IN . Since ‖a‖∞ ≤M
2
N if we apply (4.7) we obtain that
|tn (a)|
log2 (n + 1)
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≤
‖a‖∞
log2 (n+ 1)
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t)
≤
M2N
log2 (n+ 1)
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Then, from Lemma 1.27 it follows that
|tn (a)|
log2 (n+ 1)
≤
cM2N
log2 (n+ 1)
MlMk
M2N
=
cMlMk
log2 (n+ 1)
and ∣∣∣t˜1∗a (x)∣∣∣ ≤ cMlMk
N2
. (4.10)
By combining (1.1) with (4.10) we find that∫
IN
∣∣∣t˜1∗a (x)∣∣∣1/2 dµ (x)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣∣∼t1∗a (x)∣∣∣1/2 dµ (x)
+
N−1∑
k=0
∫
Ik,NN
∣∣∣t˜1∗a (x)∣∣∣1/2 dµ (x)
≤ c
N−2∑
k=0
N−1∑
l=k+1
ml+1...mN−1
MN
M
1/2
l M
1/2
k
N
+c
N−1∑
k=0
1
MN
M
1/2
N M
1/2
k
N
≤ c
N−2∑
k=0
N−1∑
l=k+1
M
1/2
k
NM
1/2
l
+c
N−1∑
k=0
1
M
1/2
N
M
1/2
k
N
≤ c <∞.
The proof is complete.
The next results deal with a No¨rlund means with non-increasing sequence {qk : k ∈ N} .
We begin by stating a divergence result for all such summability methods when 0 < p < 1/2,
which can be found in Persson, Tephnade and Wall [50].
,
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Theorem 4.6 Let 0 < p < 1/2. Then, for all No¨rlund means with non-increasing sequence
{qk : k ∈ N} there exists a martingale f ∈ Hp such that
sup
n∈N
‖tnf‖weak−Lp =∞.
Proof: For the proof we use the martingale defined in Example 1.49 (see also the part b)
of Theorem 4.1).
It is obvious that for every non-increasing sequence {qk : k ∈ N} it automatically holds
that
q0
QM2αk+1
≥
1
M2αk + 1
.
Since
tM2αk+1f =
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−jSjf
+
q0
QM2αk+1
SM2αk+1f := I + II.
by combining (4.3) and (4.4) we see that
∣∣∣tM2αk+1f ∣∣∣ ≥ |II| − |I| ≥ M1/p−22αk8α1/2k .
Analogously to (4.5) and (4.6) we get that
sup
k∈N
∥∥∥tM2αk+1f∥∥∥weak−Lp = ∞.
The proof is complete.
Corollary 4.7 Let 0 < p < 1/2 and tn be No¨rlund means with non-increasing sequence
{qk : k ∈ N}. Then the maximal operator t
∗ is not bounded from the martingale Hardy space
Hp to the space weak − Lp, that is there exists a martingale f ∈ Hp, such that
sup
n∈N
‖t∗f‖weak−Lp = ∞.
Next, we present necessary condition for the No¨rlund means with non-increasing se-
quence {qk : k ∈ N}, when 1/2 ≤ p < 1, which can be found in Persson, Tephnade and
Wall [50].
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Theorem 4.8 a) Let 0 < p < 1/ (1 + α) , 0 < α ≤ 1, and {qk : k ∈ N} be a non-increasing
sequence satisfying the condition
lim
n→∞
nα
Qn
= c > 0, 0 < α ≤ 1. (4.11)
Then there exists a martingale f ∈ Hp such that
sup
n∈N
‖tnf‖weak−Lp =∞. (4.12)
b) Let {qk : k ∈ N} be a non-increasing sequence satisfying the condition
lim
n→∞
nα
Qn
= ∞, (0 < α ≤ 1) . (4.13)
Then there exists an martingale f ∈ H1/(1+α), such that
sup
n∈N
‖tnf‖weak−L1/(1+α) = ∞. (4.14)
Proof: Under condition (4.11) there exists an increasing sequence {αk : k ∈ N} of pos-
itive integers such that
Mα2αk
QM2αk+1
≥ c, k ∈ N
and the estimates (1.71)-(1.73) are satisfied. To prove part a) we use the martingale defined
in Example 1.49 in the case when 0 < p < q = 1/ (1 + α) .
Since
tM2αk+1f =
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−jSjf +
1
QM2αk+1
SM2αk+1f
:= I + II,
by combining (4.3) and (4.4), we get that∣∣∣tM2αk+1f ∣∣∣ ≥ |II| − |I|
=
M
1/p−1
2αk
4α
1/2
k
1
QM2αk+1
−
2λM
1/p
αk−1
α
1/2
k−1
.
Without lost the generality we may assume that c = 1 in (4.11). By using (1.73) we find
that ∣∣∣tM2αk+1f ∣∣∣
,
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≥
M
1/p−1−α
2αk
4α
1/2
k
−
2λM
1/p
αk−1
α
1/2
k−1
≥
M
1/p−1−α
2αk
8α
1/2
k
≥
M
1/p−1−α
2αk
4α
1/2
k
−
λM
1/p−1−α
αk
16α
3/2
k
≥
M
1/p−1−α
2αk
8α
1/2
k
and
M
1/p−1−α
2αk
8αk
· µ
{
x ∈ Gm :
∣∣∣tM2αk+1f ∣∣∣ ≥ M1/p−1−α2αk8αk
}
=
M
1/p−1−α
2αk
8αk
→∞, when k →∞.
Which means that 4.12 holds and part (a) is proved.
Under condition (4.13) there exists an increasing sequence {αk : k ∈ N} which satisfies
the conditions
∞∑
k=0
Q
1/2(1+α)
M2αk+1
M
α/2(1+α)
2αk
≤ c <∞, (4.15)
k−1∑
η=0
QM2αη+1M
α/2+1
2αη ≤ QM2αk+1M
α/2+1
2αk
(4.16)
and
32λQM2αk−1+1M
α/2+1
2αk−1
<
M
α/2
2αk
Q
1/2
M2αk+1
, (4.17)
where λ = supnmn.
Let the martingale defined in the Example 1.47, where λk is defined by
λk =
λQ
1/2
M2αk+1
M
α/2
2αk
for which the sequence {αk : k ∈ N} satisfies conditions (4.15)-(4.17) and ak are given
by (1.56) for p = 1/ (1 + α) . If we apply (4.15) analogously we can conclude that f ∈
H1/(1+α). Hence,
f̂(j) = (4.18) Q
1/2
M2αk+1
M
α/2
2αk
, j ∈ {M2αk , ...,M2αk+1 − 1} k ∈ N,
0, j /∈
∞⋃
k=1
{M2αk , ...,M2αk+1 − 1} ,
and
tM2αk+1f
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=
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−jSjf +
1
QM2αk+1
SM2αk+1f := III + IV.
LetM2αs < j ≤ M2αs+1, where s = 0, ..., k − 1. From (4.18) we have that
|Sjf | ≤
∣∣∣∣∣
s−1∑
η=0
Q
1/2
M2αη+1
M
α/2
2αη
(
DM2αη+1 −DM2αη
)∣∣∣∣∣ (4.19)
+Q
1/2
M2αs+1
M
α/2
2αs
∣∣∣(Dj −DM2αs)∣∣∣ ≤ 4λQ1/2M2αs+1Mα/2+12αk−1 .
LetMαs−1+1 + 1 ≤ j ≤Mαs , where s = 1, ..., k. Then
|Sjf | =
∣∣∣∣∣
s−1∑
η=0
Q
1/2
M2αη+1
M
α/2
2αη
(
DM2αη+1 −DM2αη
)∣∣∣∣∣
≤ λ
s−1∑
η=0
QM2αη+1M
α/2+1
2αη ≤ 2λQM2αs−1+1M
α/2+1
2αs−1
≤ 2λQM2αk−1+1M
α/2+1
2αk−1
and
|III| ≤
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−j |Sjf | (4.20)
≤ 2λQM2αk−1+1M
α/2+1
2αk−1
1
QM2αk+1
M2αk∑
j=0
qM2αk+1−j
≤ 2λQM2αk−1+1M
α/2+1
2αk−1
.
If we apply (4.18) and (4.19) we get that
|IV | ≥ Q
1/2
M2αk+1
Mα/2αk
q0
∣∣∣DM2αk+1 −DM2αk ∣∣∣
QM2αk+1
(4.21)
−
1
QM2αk+1
∣∣∣SM2αkf ∣∣∣
≥
q0M
α/2
2αk
Q
1/2
M2αk+1
− 2λQM2αk−1+1M
α/2+1
2αk−1
≥
M
α/2
2αk
4Q
1/2
M2αk+1
.
By combining (4.20) and (4.21) we find that∣∣∣tM2αk+1f ∣∣∣ ≥ |IV | − |III|
,
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≥
M
α/2
2αk
4Q
1/2
M2αk+1
− 2λQM2αk−1+1M
α/2+1
2αk−1
≥
M
α/2
2αk
8Q
1/2
M2αk+1
.
Hence, it yields that
M
α/2(1+α)
2αk
8Q
1/2(1+α)
M2αk+1
µ
x ∈ Gm : ∣∣∣tM2αk+1f (x)∣∣∣ ≥ M
α/2
2αk
8Q
1/2
M2αk+1

=
M
α/2
2αk
8Q
1/2
M2αk+1
µ (Gm) =
M
α/2
2αk
8Q
1/2
M2αk+1
→∞, when k →∞.
Which means that 4.14 holds and the proof is complete.
Corollary 4.9 Let 0 < p < 1/ (1 + α) , 0 < α ≤ 1 and {qk : k ∈ N} be a non-increasing
sequence satisfying the condition (4.11). Then there exists a martingale f ∈ Hp such that
‖t∗f‖weak−Lp = ∞.
Corollary 4.10 Let {qk : k ∈ N} be a non-increasing sequence satisfying the condition
(4.13). Then there exists an martingale f ∈ H1/(1+α) such that
‖t∗f‖weak−L1/(1+α) = ∞.
Our next result reads:
Theorem 4.11 a) The maximal operator t∗ of the No¨rlund summability method with non-
increasing sequence {qk : k ∈ N}, satisfying the condition (1.39) and (1.40) is bounded
from the Hardy space H1/(1+α) to the space weak − L1/(1+α), for 0 < α ≤ 1.
b) Let 0 < α ≤ 1 and {qk : k ∈ N} be a non-increasing sequence satisfying the
conditions
lim
n→∞
nα
Qn
≥ cα > 0 (4.22)
and
|qn − qn+1| ≥ cαn
α−2, n ∈ N. (4.23)
Then there exists a martingale f ∈ H1/(1+α) such that
sup
n∈N
‖tnf‖1/(1+α) = ∞.
Remark 4.12 Part a) of this result can be found in [50], but below we give a different proof.
Part b) of the theorem is new.
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Proof: By Lemma 1.40 the proof of part a) is complete if we show that
tµ
{
x ∈ IN : t
∗f ≥ t1+α
}
≤ c <∞, t ≥ 0,
for every 1/ (1 + α)-atom a. We may assume that a is an arbitrary 1/ (1 + α)-atom with
support I, µ (I) = M−1N and I = IN . It is easy to see that tm (a) = 0, when m ≤ MN .
Therefore we can suppose thatm > MN .
Let x ∈ IN . Since tm is bounded from L∞ to L∞ (the boundedness follows from Corol-
lary 1.33) and ‖a‖∞ ≤ cM
1/(1+α)
N we obtain that
|tma (x)| ≤
∫
IN
|a (t)| |Fm (x− t)| dµ (t)
≤ ‖a‖∞
∫
IN
|Fm (x− t)| dµ (t)
≤M1+αN
∫
IN
|Fm (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N andm > MN . From Corollary 1.35 we get that
|tma (x)| ≤ cαMkM
α
l . (4.24)
The expression on the right-hand side of (4.24) does not depend onm. Hence,
|t∗a (x)| ≤ cαMkM
α
l (4.25)
Let n ≥ N. According to (4.25) we conclude that
µ
{
x ∈ IN : t
∗f ≥ cαM
1+α
n
}
= 0.
Thus, we can suppose that 0 < n < N. Let λ = supnmn and [x] denotes the integer part
of x. It is obvious that for fixed λ there exists a positive number θ so that λ1/θ ≤ 2. Then, for
every k < n, it yields that
MkM
α
n+[(n−k)/θ] ≤MkM
α
n λ
[(n−k−1)/θ]
≤MkM
α
n
(
λ1/θ
)n−k−1
≤MkM
α
n 2
n−k−1
≤MkM
α
nmkmk+1...mn−1 ≤M
1+α
n .
It is obvious that if n + [(n− k − 1) /λ] > N , for some k < l < N we readily get that
cαMkM
α
l ≤ cαMkM
α
N ≤ cαMkM
α
n+[(n−k−1)/λ] ≤ cαM
1+α
n .
It follows that for such k < l < N we have the following estimate
|tma (x)| ≤ cαM
1+α
n , for x ∈ I
k,l
N
,
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and
µ
{
x ∈ Ik,lN : t
∗f ≥ cαM
1+α
n
}
= 0.
Therefore, we may assume that n+ [(n− k − 1) /λ] ≤ N.
By combining (1.1) and (4.25) we obtain that
µ
{
x ∈ IN : t
∗f ≥ cαM
1+α
n
}
≤
N−1∑
k=n
N∑
l=k+1
mj−1∑
xj=0, j∈{l+1,...,N−1}
∣∣∣Ik,lN ∣∣∣
+
n∑
k=0
N∑
l=n+[(n−k−1)/λ]
mj−1∑
xj=0, j∈{l+1,...,N−1}
∣∣∣Ik,lN ∣∣∣
≤
N−1∑
k=n
N∑
l=k+1
1
Ml
+
n∑
k=0
N∑
l=n+[(n−k)/θ]
1
Ml
≤
c
Mn
.
Hence,
sup
n∈N
Mnµ
{
x ∈ IN : t
∗f ≥M1+αn
}
≤ c <∞.
Part a) is proved.
Under condition (4.22) there exists an increasing sequence {αk : k ∈ N} of positive in-
tegers such that
Mα2αk+1
QM2αk+1
> cα > 0, k ∈ N, (4.26)
and estimates (1.71)-(1.73) are satisfied. To prove part b) of Theorem 4.8 we use the martin-
gale defined in Example 1.49 in the case when p = q = 1/ (1 + α) .
In particular, as we proved there, the martingale belongs to the space H1/(1+α).
Moreover,
f̂(j) =

Mα2αk
α
1/2
k
, j ∈ {M2αk , ...,M2αk+1 − 1} , k ∈ N,
0, j /∈
∞⋃
k=1
{M2αk , ...,M2αk+1 − 1} .
We can write that
tM2αk+M2sf =
1
QM2αk+M2s
M2αk∑
j=0
qM2αk+M2s−jSjf
+
1
QM2αk+M2s
M2αk+M2s∑
j=M2αk+1
qM2αk+M2s−jSjf := I + II.
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According to (1.76) we can conclude that
|I| ≤
1
QM2αk+M2s
M2αk∑
j=0
qM2αk+M2s−j |Sjf | (4.27)
≤
2λMα+12αk−1
α
1/2
k−1
1
QM2αk+M2s
M2αk∑
j=0
qM2αk+M2s−j
≤
2λMα+12αk−1
α
1/2
k−1
≤
Mααk
16α
3/2
k
.
Let x ∈ Is/Is+1 andM2αk + 1 ≤ j ≤ M2αk +M2s. In view of the second inequality of
(1.75) in the case when l = k and p = 1/ (1 + α) we can write that
Sjf = SM2αk
f +
Mα2αkψM2αk
Dj−M2αk
α
1/2
k
.
Hence, it yields that
II =
1
QM2αk+M2s
M2αk+M2s∑
j=M2αk+1
qM2αk+M2s−j
Mα2αkψM2αk
Dj−M2αk
α
1/2
k
+
1
QM2αk+M2s
M2αk+M2s∑
j=M2αk+1
qM2αk+M2s−jSM2αk
f
:= II1 + II2.
By using again (1.76) we get that
|II2| ≤
2λMα+12αk−1
α
1/2
k−1
1
QM2αk+M2s
M2αk+M2s∑
j=M2αk+1
qM2αk+M2s−j
≤
2λMα+12αk−1
α
1/2
k−1
≤
Mα+1αk
16α
1/2
k
.
Let x ∈ Is/Is+1, for [αk/2] < s ≤ αk. Then, according to (4.26) we find that
|II1| =
1
QM2αk+M2s
∣∣∣∣∣ψM2αkMα2αkα1/2k
M2s∑
j=1
qM2s−jDj
∣∣∣∣∣
=
Mα2αk
α
1/2
k QM2αk+M2s
∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣
,
March 5, 2018 Martingale Hardy spaces and summability of the one dimensional Vilenkin-Fourier series 135
≥
Mα2αk
α
1/2
k QM2αk+1
∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣
≥
c
λαα
1/2
k
∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣ .
We invoke Abel transformation and apply (4.23) to get that∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣
=
∣∣∣∣∣
M2s∑
j=1
(qM2s−j − qM2s−j−1)
j (j + 1)
2
∣∣∣∣∣
≥
cαM
2
2s
α
1/2
k
M2s∑
j=[M2s/2]
|qM2s−j − qM2s−j−1| j
2
≥ cαM
2
2s
M2s∑
j=[M2s/2]
|qM2s−j − qM2s−j−1|
≥ cαM
2
2s
[M2s/2]∑
j=1
|qj − qj+1|
≥ cαM
2
2s
[M2s/2]∑
j=1
1
jα−2
≥ cαM
α−1
2s M
2
2s ≥ cαM
α+1
2s .
Hence,
|II1| ≥
cα
α
1/2
k
∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣ ≥ cαMα+12sα1/2k .
By now using the estimates above we obtain that∫
Gm
∣∣∣tM2αk+M2sf ∣∣∣1/(1+α) dµ ≥ |II1| − |II2| − |I| (4.28)
≥
cαM
1+α
2s
α
1/2
k
−
4λMα+1αk
α
3/2
k
≥
cαM
1+α
2s
α
1/2
k
.
By combining (4.27) and (4.28) we find that∫
Gm
|t∗f |1/(1+α) dµ
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≥
αk−1∑
s=[αk/2]
∫
Is/Is+1
∣∣∣tM2αk+M2sf ∣∣∣1/(1+α) dµ
≥ cα
αk−1∑
s=[αk/2]
M2s
M2sα
1/2(1+α)
k
≥ cα
αk−1∑
s=[αk/2]
1
α
1/2(1+α)
k
≥
cα
α
1/2(1+α)
k
αk−1∑
s=[αk/2]
1
≥
cααk
α
1/2(1+α)
k
≥ cαα
1/2
k →∞, when k →∞.
The proof is complete.
Our next result reads:
Theorem 4.13 Let f ∈ Hp, where 0< p < 1/ ()1 + α) for some 0 < α ≤ 1, and {qk : k ∈
N} be a sequence of non-increasing numbers satisfying conditions (1.39) and (1.40). Then
the maximal operator
∼
t
∗
p,α :=
|tnf |
(n+ 1)1/p−1−α
is bounded from the martingale Hardy space Hp to the Lebesgue space Lp.
b) Let {Φn : n ∈ N+} be any non-decreasing sequence, satisfying the condition
lim
n→∞
(n + 1)1/p−1−α
Φn
= +∞. (4.29)
Then there exists No¨rlund means with non-increasing sequence {qk : k ∈ N} satisfying
the conditions (4.22) and (4.23) such that
sup
k∈N
∥∥∥∥ tM2nk +1fkΦM2nk +1
∥∥∥∥
weal−Lp
‖fk‖Hp
= ∞.
Remark 4.14 Part a) can be found in the paper Blahota and Tephnadze [6], while part b)
has not been stated before for such a general case.
Proof: Since the No¨rlund means tn are bounded from L∞ to L∞ (the boundedness
follows from Corollary 1.33), according to Lemma 1.39 it actually suffices to show that∫
IN
∣∣∣∼t∗p,αa∣∣∣p dµ < c
,
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for some constant c and every p-atom a. We may assume that a is an arbitrary p-atom with
support I, µ (I) = M−1N and I = IN . It is easy to see that Sn (a) = tn (a) = 0 when
n ≤MN . Therefore we can suppose that n > MN .
Let x ∈ IN . Since ‖a‖∞ ≤M
1/p
N we obtain that
|tna (x)| ≤
∫
IN
|a (t)| |Fn (x− t)| dµ (t)
≤ ‖a‖∞
∫
IN
|Fn (x− t)| dµ (t) ≤M
1/p
N
∫
IN
|Fn (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l < N. Then, from Lemma 1.34 we get that
|tna (x)| ≤
cα,pM
1/p−1
N M
α
l Mk
nα
. (4.30)
Let x ∈ Ik,NN , 0 ≤ k < N. Then, according to Lemma 1.34, we have that
|tna (x)| ≤ cα,pM
1/p−1
N Mk. (4.31)
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Since n > MN we can conclude that
|tna (x)|
n1/p−1−α
≤ cα,pM
α
l Mk. (4.32)
The expression on the right-hand side of (4.32) does not depend on n. Hence, we can
conclude that ∣∣∣∼t∗p,αa (x)∣∣∣ ≤ cα,pMαl Mk (4.33)
for x ∈ Ik,lN , 0 ≤ k < l ≤ N.
By combining (1.1) and (4.33) we obtain that∫
IN
∣∣∣∼t∗p,αa∣∣∣p dµ
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣∣∼t∗p,αa∣∣∣p dµ
+
N−1∑
k=0
∫
Ik,NN
∣∣∣∼t∗p,αa∣∣∣p dµ
≤ cα,p
N−2∑
k=0
N−1∑
l=k+1
1
Ml
Mαpl M
p
k + cα,p
N−1∑
k=0
1
MN
M1−pN M
p
k
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≤ cα,p
N−2∑
k=0
Mpk
N−1∑
l=k+1
1
M1−αpl
+ cα,p
N−1∑
k=0
Mpk
MpN
≤ cα,p <∞.
The proof of part a) is complete.
Let 0 < p < 1/ (1 + α) . Under condition (4.29) there exists positive integers nk such
that
lim
k→∞
(M2nk + 1)
1/p−1−α
ΦM2nk+1
= ∞, 0 < p < 1/ (1 + α) .
To prove part b) we apply the p-atoms defined in Example 1.44. Under conditions (1.39) and
(1.40), if we invoke (1.52) and (1.53) we find that∣∣∣tM2nk+1fk∣∣∣
ΦM2nk+1
=
∣∣∣SM2nk+1∣∣∣
QM2nk+1ΦM2nk+1
=
q0
∣∣∣DM2nk+1 −DM2nk ∣∣∣
QM2nk+1ΦM2nk+1
=
q0
∣∣∣ψM2nk ∣∣∣
QM2nk+1ΦM2nk+1
=
cα
Mα2nkΦM2nk+1
.
Hence,
µ
x ∈ Gm :
∣∣∣tM2nk+1fk (x)∣∣∣
ΦM2nk+1
≥
cα
Mα2nkΦM2nk+1
 = 1. (4.34)
By combining (1.54) and (4.34) we have that
cα
Mα2nk
ΦM2nk+1
(
µ
{
x ∈ Gm :
∣∣∣SM2nk+1fk(x)
∣∣∣
ΦM2nk+1
≥ q0
Mα2nk
ΦM2nk+1
})1/p
‖fk‖Hp
≥
cαM
1/p−1−α
2nk
ΦM2nk+1
≥
cα
(
M2nk + 1
)1/p−1−α
ΦM2nk+1
→∞, when k →∞.
The proof is complete.
Corollary 4.15 Let 0 < p < 1/ (1 + α) and f ∈ Hp. Then there exists an absolute constant
cp,α, depending only on p and α, such that
‖tnf‖p ≤ cp,α (n + 1)
1/p−1−α ‖f‖Hp , n ∈ N+.
Proof: According to part a) of Theorem 4.13 we conclude that∥∥∥∥∥ tnf(n+ 1)1/p−1−α
∥∥∥∥∥
p
≤
∥∥∥∥∥supn∈N |tnf |(n + 1)1/p−1−α
∥∥∥∥∥
p
,
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≤ cp,α ‖f‖Hp , n ∈ N+.
The proof is complete.
Corollary 4.16 Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
(4.29). Then there exists a martingale f ∈ Hp such that
sup
n∈N
∥∥∥∥tnfΦn
∥∥∥∥
weak−Lp
= ∞.
Corollary 4.17 Let {Φn : n ∈ N} be any non-decreasing sequence satisfying the condition
(4.29). Then the maximal operator
sup
n∈N
|tnf |
Φn
is not bounded from the Hardy space Hp to the space weak − Lp.
We now formulate our final result in this section.
Theorem 4.18 Let f ∈ H1/(1+α), where 0 < α ≤ 1 and {qk : k ∈ N} be a sequence of non-
increasing numbers satisfying the conditions (1.39) and (1.40). Then there exists an absolute
constant cα depending only on α such that the maximal operator
∼
t
∗
α :=
|tnf |
log1+α (n+ 1)
is bounded from the martingale Hardy space H1/(1+α) to the Lebesgue space L1/(1+α).
b) Let {Φn : n ∈ N+} be any non-decreasing sequence satisfying the condition
lim
n→∞
log1+α (n+ 1)
Φn
= +∞. (4.35)
Then there exists No¨rlund means with non-increasing sequence {qk : k ∈ N} satisfying the
conditions (4.22) and (4.23) such that
sup
k∈N
∥∥∥supn ∣∣∣ tnfkΦn ∣∣∣∥∥∥1/(1+α)
‖f‖H1/(1+α)
=∞.
Remark 4.19 Part a) of this result can be found in the paper Bhahota and Tephnadze [7].
Part b) has not been stated before for such a general case.
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Proof: According to Lemma 1.39 the proof of part a) will be complete if we show that∫
IN
∣∣∣∼t∗αa∣∣∣1/(1+α) dµ <∞
for every 1/ (1 + α)-atom a. We may assume that a is an arbitrary 1/ (1 + α)-atom with
support I, µ (I) = M−1N and I = IN . It is easy to see that tm (a) = 0, when m ≤ MN .
Therefore we can suppose thatm > MN .
Let x ∈ IN . Since tm is bounded from L∞ to L∞ (the boundedness follows from Corol-
lary 1.33) and ‖a‖∞ ≤ M
1/(1+α)
N we obtain that
|tma (x)| ≤
∫
IN
|a (t)| |Fm (x− t)| dµ (t)
≤ ‖a (x)‖∞
∫
IN
|Fm (x− t)| dµ (t)
≤M1+αN
∫
IN
|Fm (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l < N. From Lemma 1.34 we get that
|tma (x)| ≤
cαMkM
α
l M
α
N
mα
. (4.36)
Let x ∈ Ik,NN , 0 ≤ k < N. In the view of Lemma 1.34 we have that
|tma (x)| ≤ cαMkM
α
N . (4.37)
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Since n > MN we can conclude that
|tna (x)|
log1+α n
≤
cαMkM
α
l
N1+α
. (4.38)
The expression on the right-hand side of (4.38) does not depend on n. Hence,∣∣∣∼tα∗a (x)∣∣∣ ≤ cαMkMαN
N1+α
, (4.39)
for x ∈ Ik,lN , 0 ≤ k < l ≤ N.
According to (1.1) and (4.39) we obtain that∫
IN
∣∣∣∼tα∗a∣∣∣1/(1+α) dµ
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
∣∣∣∼tα∗a∣∣∣1/(1+α) dµ
,
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+
N−1∑
k=0
∫
Ik,NN
∣∣∣∼tα∗a∣∣∣1/(1+α) dµ
≤
cα
N
N−2∑
k=0
N−1∑
l=k+1
1
Ml
M
α/(1+α)
l M
1/(1+α)
k
+
cα
N
N−1∑
k=0
1
MN
M
α/(1+α)
N M
1/(1+α)
k
≤
cα
N
N−2∑
k=0
N−1∑
l=k+1
M
α/(1+α)
l M
1/(1+α)
k
Ml
+
cα
N
N−1∑
k=0
M
1/(1+α)
k
M
1/(1+α)
N
≤ cα <∞.
The proof of part a) is complete.
Under condition (4.35) there exists a positive integers m,k such that M2m,k+1 ≤ λk <
2M2m,k+1. Since Φn is a non-decreasing function we have that
lim
k→∞
(
m
′
k
)1+α
ΦM2m,
k
+1
≥ c lim
k→∞
log1+α (λk)
ΦM2λk+1
=∞.
Let {nk : k ∈ N+} ⊂ {m
′
k : k ∈ N+} be a sequence of positive numbers such that
lim
k→∞
n1+αk
ΦM2nk+1
= ∞.
To prove part b) we use the 1/ (1 + α)-atoms defined in Example 1.44. If we apply
(1.11) in Lemma 1.2 with (1.52) and (1.53) and invoke Abel transformation we get that∣∣∣tM2nk+M2sfk∣∣∣
ΦM2nk+M2s
=
1
ΦM2nk+M2sQM2nk+M2s
∣∣∣∣∣∣
M2nk+M2s∑
j=M2nk+1
qM2nk+M2s−j
(
Dj −DM2nk
)∣∣∣∣∣∣
=
1
ΦM2nk+M2sQM2nk+M2s
∣∣∣∣∣
M2s∑
j=1
qM2s−j
(
Dj+M2nk −DM2nk
)∣∣∣∣∣
=
1
ΦM2nk+M2sQM2nk+M2s
∣∣∣∣∣ψM2nk
M2s∑
j=1
qM2s−jDj
∣∣∣∣∣
=
1
ΦM2nk+M2sQM2nk+M2s
∣∣∣∣∣
M2s∑
j=1
qM2s−jj
∣∣∣∣∣ .
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Let x ∈ I2s/I2s+1, s = [nk/2] , ..., nk. If we again use abel transformation, then under
the conditions (4.22) and (4.23) we find that∣∣∣tM2nk+M2sfk∣∣∣
ΦM2nk+M2s
≥
c
ΦM2nk+M2sM
α
2nk
∣∣∣∣∣
M2s∑
j=1
(qM2s−j − qM2s−j−1) j
2
∣∣∣∣∣
≥
c
ΦM2nk+M2sM
α
2nk
M2s∑
j=[M2s]/2
|qM2s−j − qM2s−j−1| j
2
≥
cM22s
ΦM2nk+M2sM
α
2nk
M2s∑
j=[M2s]/2
|qM2s−j − qM2s−j−1|
≥
cM22s
ΦM2nk+M2sM
α
2nk
[M2s]/2∑
j=1
|qj − qj+1|
≥
cM22s
ΦM2nk+M2sM
α
2nk
[M2s]/2∑
j=1
jα−2 ≥
cM22sM
α−1
2s
ΦM2nk+M2sM
α
2nk
≥
cMα+12s
ΦM2nk+M2sM
α
2nk
≥
cMα+12s
ΦM2nk+1M
α
2nk
.
Hence, ∫
Gm
(
sup
n
∣∣∣∣ tnfkΦn
∣∣∣∣)1/(1+α) dµ
≥
nk−1∑
s=[nk/2]
∫
I2s/I2s+1
∣∣∣∣∣tM2nk+M2sfkΦM2nk+M2s
∣∣∣∣∣
1/(1+α)
dµ
≥
c
Φ
1/(1+α)
M2nk+1
nk−1∑
s=[nk/2]
∫
I2s/I2s+1
M2s
M
α/(1+α)
2nk
dµ
≥
c
Φ
1/(1+α)
M2nk+1
nk−1∑
s=[nk/2]
Mα+12s
M
α/(1+α)
2nk
1
Mα+12s
≥
c
Φ
1/(1+α)
M2nk+1
nk−1∑
s=[nk/2]
1
M
α/(1+α)
2nk
≥
cnk
M
α/(1+α)
2nk
Φ
1/(1+α)
M2nk+1
.
Therefore, by also using (1.54) for p = 1/ (1 + α) we have that(∫
Gm
(
supn
∣∣∣ tnfkΦn ∣∣∣)1/(1+α) dµ)1+α
‖fk‖H1/(1+α)
,
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≥
cn1+αk
Mα
2nk
ΦM2nk+1
Mα
2nk
≥
cn1+αk
ΦM2nk+1
→∞,when k →∞.
The proof is complete.
Corollary 4.20 Let {Φn : n ∈ N+} be any non-decreasing sequence satisfying the condition
(4.35). Then the following maximal operator
sup
n
∣∣∣∣tnfΦn
∣∣∣∣
is not bounded from the Hardy space H1/(1+α) to the space L1/(1+α).
4.3 STRONG CONVERGENCE OF NO¨RLUND MEANS ON MARTINGALE HARDY SPACES
The first result in this section is due to Persson, Tephnadze and Wall [51].
Theorem 4.21 Let 0 < p < 1/2, f ∈ Hp and the sequence {qk : k ∈ N} be non-decreasing.
Then there exists an absolute constant cp depending only on p such that
∞∑
k=1
‖tkf‖
p
p
k2−2p
≤ cp ‖f‖
p
Hp
.
Remark 4.22 Since the Feje´r means are examples of No¨rlund means with non-decreasing
sequence {qk : k ∈ N} we immediately obtain from part b) of Theorem 3.25 that the asymp-
totic behaviour of the sequence of weights{
1/k2−2p : k ∈ N
}
in No¨rlund means in Theorem 4.21 can not be improved.
Proof: The proof is similar to that of part a) of Theorem 3.25, but since this case is more
general we give the details.
By Lemma 1.38 the proof is complete if we show that
∞∑
m=1
‖tma‖
p
p
m2−2p
≤ cp (4.40)
for every p-atom a with support I , µ (I) = M−1N .We may assume that I = IN . It is easy to
see that Sn (a) = tn (a) = 0, when n ≤MN . Therefore, we can suppose that n > MN .
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Let x ∈ IN . Since No¨rlund means tn with non-decreasing sequence {qk : k ∈ N} are
bounded from L∞ to L∞ (the boundedness follows from Corollary 1.23) and ‖a‖∞ ≤ M
1/p
N
we obtain that ∫
IN
|tma|
p dµ
≤
‖a‖p∞
MN
≤ 1, 0 < p ≤ 1/2.
Hence,
∞∑
m=1
∫
IN
|tma|
p dµ
m2−2p
(4.41)
≤
∞∑
k=1
1
m2−2p
≤ c <∞.
It is easy to see that
|tna (x)|
=
∣∣∣∣∣
∫
IN
a (t)
1
Qn
n∑
k=MN
qn−kDk (x− t) dµ (t)
∣∣∣∣∣
≤
∫
IN
|a (t)|
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t)
≤ ‖a‖∞
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t)
≤M
1/p
N
∫
IN
∣∣∣∣∣ 1Qn
n∑
k=MN
qn−kDk (x− t)
∣∣∣∣∣ dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l ≤ N. Then, in the view of Lemma 1.27, we get that
|tma (x)| ≤ cpMlMkM
1/p−2
N , for 0 < p < 1/2. (4.42)
According to (1.1) with (4.42) we find that∫
IN
|tma|
p dµ (4.43)
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0, j∈{l+1,...,N−1}
∫
Ik,lN
|tma|
p dµ
,
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+
N−1∑
k=0
∫
Ik,NN
|tma|
p dµ
≤ cp
N−2∑
k=0
N−1∑
l=k+1
ml+1 · · ·mN−1
MN
Mpl M
p
kM
1−2p
N
+cp
N−1∑
k=0
1
MN
MpkM
1−p
N
≤ cpM
1−2p
N
N−2∑
k=0
N−1∑
l=k+1
Mpl M
p
k
Ml
+cp
N−1∑
k=0
Mpk
MpN
≤ cM1−2pN .
Moreover, according to (4.43), we get that
∞∑
m=MN+1
∫
IN
|tma|
p dµ
m2−2p
≤ cp
∞∑
m=MN+1
M1−2pN
m2−2p
< c <∞, (0 < p < 1/2) .
Now, by combining this estimate with (4.41) we obtain (4.40) so the proof is complete.
Also the next theorem is proved in Persson, Tephnadze and Wall [51].
Theorem 4.23 Let f ∈ H1/2 and the sequence {qk : k ∈ N} be non-decreasing satisfying
condition (1.28). Then there exists an absolute constant c, such that
1
log n
n∑
k=1
‖tkf‖
1/2
1/2
k
≤ c ‖f‖
1/2
H1/2
.
Proof: The proof is similar to that of part a) of Theorem 3.28, but since this case is more
general we present the details.
According to Lemma 1.38 it suffices to show that
1
logn
n∑
m=1
‖tma‖
1/2
1/2
m
≤ c
for every p-atom a with support I , µ (I) = M−1N .We may assume that I = IN . It is easy to
see that Sn (a) = tn (a) = 0 when n ≤MN . Therefore we can suppose that n > MN .
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Let x ∈ IN . Since tn is bounded from L∞ to L∞ (the boundedness follows from Corol-
lary 1.23) and ‖a‖∞ ≤ M
2
N we obtain that∫
IN
|tma|
1/2 dµ ≤
‖a‖1/2∞
MN
≤ c <∞.
Hence,
1
log n
n∑
m=1
∫
IN
|tma|
1/2 dµ
m
(4.44)
≤
1
log n
n∑
m=1
1
m
≤ c <∞, n ∈ N.
It is easy to see that
|tma (x)| ≤
∫
IN
|a (t)| |Fm (x− t)| dµ (t)
≤ ‖a‖∞
∫
IN
|Fm (x− t)| dµ (t)
≤ M2N
∫
IN
|Fm (x− t)| dµ (t) .
Let x ∈ Ik,lN , 0 ≤ k < l < N. Then, in the view of Lemma 1.25, we get that
|tma (x)| ≤
cMlMkMN
m
. (4.45)
Let x ∈ Ik,NN . Then, according to Lemma 1.25, we find that
|tma (x)| ≤ cMkMN . (4.46)
By combining (4.45) and (4.46) with (1.1) we can conclude that∫
IN
|tma (x)|
1/2 dµ (x)
≤ c
N−2∑
k=0
N−1∑
l=k+1
ml+1 · · ·mN−1
MN
M
1/2
l M
1/2
k M
1/2
N
m1/2
+c
N−1∑
k=0
1
MN
M
1/2
k M
1/2
N
≤ cM
1/2
N
N−2∑
k=0
N−1∑
l=k+1
M
1/2
l M
1/2
k
m1/2Ml
+ c
N−1∑
k=0
M
1/2
k
M
1/2
N
,
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≤
cM
1/2
N N
m1/2
+ c.
It follows that
1
log n
n∑
m=MN+1
∫
IN
|tma (x)|
1/2 dµ (x)
m
(4.47)
≤
1
logn
n∑
m=MN+1
(
cM
1/2
N N
m3/2
+
c
m
)
< c <∞.
The proof is complete by just combining (4.44) and (4.47).
Next, we investigate No¨rlund means with non-increasing sequence {qk : k ∈ N}. At
first we consider the case 0< p < 1/ (1 + α) where 0 < α < 1. For details see the paper of
Blahota and Tephnadze [6].
Theorem 4.24 Let f ∈ Hp, where 0< p < 1/ (1 + α) , 0 < α ≤ 1 and {qk : k ∈ N}, be a
sequence of non-increasing numbers satisfying the conditions (1.39) and (1.40). Then there
exists an absolute constant cα,p, depending only on α and p such that
∞∑
k=1
‖tkf‖
p
Hp
k2−(1+α)p
≤ cα,p ‖f‖
p
Hp
.
Proof: By Lemma 1.38 the it suffices to show that
∞∑
m=1
‖tma‖
p
p
m2−(1+α)p
≤ cα,p <∞
for every p-atom a. Analogously to the proofs of the previous theorems we may assume that
a be an arbitrary p-atom with support I, µ (I) = M−1N and I = IN andm > MN .
Let x ∈ IN . Since tm is bounded from L∞ to L∞ (the boundedness follows from Corol-
lary 1.33) and ‖a‖∞ ≤ M
1/p
N we obtain that∫
IN
|tma|
p dµ ≤ ‖a‖p∞M
−1
N ≤ 1.
Hence
∞∑
m=MN
∫
IN
|tma|
1/(1+α) dµ
m2−(1+α)p
≤
∞∑
m=1
1
m2−(1+α)p
≤ cα,p <∞.
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According to (1.1) and (4.30)-(4.31) we can conclude that
∞∑
m=MN+1
∫
IN
|tma|
p dµ
m2−(1+α)p
=
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0,j∈{l+1,...,N−1}
∫
Ik,lN
|tma|
p dµ
m2−(1+α)p
+
n∑
m=MN+1
N−1∑
k=0
∫
Ik,NN
|tma|
p dµ
m2−(1+α)p
≤ cα,p
∞∑
m=MN+1
(
M1−pN
m2−p
N−2∑
k=0
N−1∑
l=k+1
Mpαl M
p
k
Ml
+
M1−pN
m2−(1+α)p
N−1∑
k=0
Mpk
MN
)
.
Since
N−2∑
k=0
N−1∑
l=k+1
Mpαl M
p
k
Ml
≤
N−2∑
k=0
Mpk
N−1∑
l=k+1
1
M1−pαl
≤
N−2∑
k=0
1
M1−pαk
Mpk ≤
N−2∑
k=0
1
M
1−p(α+1)
k
< c <∞
and
N−1∑
k=0
Mpk
MN
≤Mp−1N <∞
we obtain that
∞∑
m=MN+1
∫
IN
|tma|
p dµ
m2−(1+α)p
< cα,pM
1−p
N
∞∑
m=MN+1
1
m2−p
+ cα,p
∞∑
m=MN+1
1
m2−(1+α)p
≤ cα,p <∞.
The proof is complete.
The final result in this section is due to Blahota, Persson and Tephnadze [7].
Theorem 4.25 Let f ∈ H1/(1+α) where 0 < α ≤ 1 and {qk : k ∈ N} be a sequence of non-
increasing numbers satisfying the conditions (1.39) and (1.40). Then there exists an absolute
constant cα depending only on α such that
1
log n
n∑
m=1
‖tmf‖
1/(1+α)
H1/(1+α)
m
≤ cα ‖f‖
1/(1+α)
H1/(1+α)
.
,
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Proof: By Lemma 1.38 the proof is complete if we show that
1
logn
n∑
m=1
‖tma‖
1/(1+α)
1/(1+α)
m
≤ cα <∞
for every 1/ (1 + α)-atom a. Analogously to the proofs of previous resalts we may assume
that a is an arbitrary 1/ (1 + α)-atom with support I, µ (I) = M−1N and I = IN and m >
MN .
Let x ∈ IN . Since tm is bounded from L∞ to L∞ (the boundedness follows from Corol-
lary 1.33) and ‖a‖∞ ≤ M
1+α
N we obtain that∫
IN
|tma|
1/(1+α) dµ
≤ ‖a‖1/(1+α)∞ /MN ≤ 1.
Hence
1
log n
n∑
m=MN
∫
IN
|tma (x)|
1/(1+α) dµ
m
≤
1
log n
n∑
m=1
1
m
≤ cα <∞.
According to (1.1) together with (4.36)-(4.37) we can conclude that
1
log n
n∑
m=MN+1
∫
IN
|tma|
1/(1+α) dµ
m
=
1
log n
n∑
m=MN+1
N−2∑
k=0
N−1∑
l=k+1
mj−1∑
xj=0, j∈{l+1,...,N−1}
∫
Ik,lN
|tma|
1/(1+α) dµ
m
+
1
logn
n∑
m=MN+1
N−1∑
k=0
∫
Ik,NN
|tma|
1/(1+α) dµ
m
≤
cα
log n
n∑
m=MN+1
M
α/(1+α)
N
mα/(1+α)+1
N−2∑
k=0
N−1∑
l=k+1
M
α/(1+α)
l M
1/(1+α)
k
ml+1 · · ·mN−1
MN
+
1
logn
n∑
m=MN+1
1
mMN
N−1∑
k=0
M
1/(1+α)
k M
α/(1+α)
N .
Since
N−2∑
k=0
N−1∑
l=k+1
M
α/(1+α)
l M
1/(1+α)
k
ml+1 · · ·mN−1
MN
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=
N−2∑
k=0
N−1∑
l=k+1
M
α/(1+α)
l M
1/(1+α)
k
1
Ml
=
N−2∑
k=0
M
1/(1+α)
k
N−1∑
l=k+1
1
M
1/(1+α)
l
≤
N−2∑
k=0
M
1/(1+α)
k
1
M
1/(1+α)
k
≤
N−2∑
k=0
1 ≤ N
and
N−1∑
k=0
M
1/(1+α)
k M
α/(1+α)
N
≤M
1/(1+α)
N M
α/(1+α)
N ≤MN
we obtain that
1
log n
n∑
m=MN+1
∫
IN
|tma|
1/(1+α) dµ
m
≤
cα
logn
(
n∑
m=MN+1
NM
α/(1+α)
N
mα/(1+α)+1
+
n∑
m=MN+1
1
m
)
< cα <∞.
The proof is complete.
4.4 MAXIMAL OPERATORS OF RIESZ AND NO¨RLUND LOGARITHMIC MEANS ON MAR-
TINGALE HARDY SPACES
In our previous sections we investigated No¨rlund means with non-increasing sequences
{qk : k ∈ N}, but the case when qk = 1/k was excluded, since this sequence does not sat-
isfies the condition (1.39) for any 0 < α ≤ 1. On the other hand, Riesz logarithmic means
are not examples of No¨rlund means. In this subsection we fill up this gap simultaneously for
both cases.
Both theorems in this section are due to Tephnadze [75].
Theorem 4.26 a) The maximal operator of Riesz logarithmic meansR∗ is bounded from the
Hardy space H1/2 to the space weak − L1/2.
b) Let 0 < p ≤ 1/2. Then there exists a martingale f ∈ Hp such that
‖R∗f‖p = +∞.
,
March 5, 2018 Martingale Hardy spaces and summability of the one dimensional Vilenkin-Fourier series 151
Proof: By using Abel transformation we obtain that
Rnf =
1
ln
n−1∑
j=1
σjf
j + 1
+
σnf
ln
.
Consequently,
R∗f ≤ cσ∗f. (4.48)
Since σ∗ is bounded from the martingale Hardy spaceH1/2 to the space weak−L1/2 by
using (4.48) we can conclude that
‖R∗f‖weak−L1/2 ≤ c ‖f‖H1/2
and the proof of part a) is complete.
Let f =
(
f (n) : n ∈ N
)
be martingale defined in Example 1.49.
Set qsn = M2n +M2s − 1, n > s. Then we can write that
Rqsαkf =
1
lqsαk
qsαk∑
j=1
Sjf
j
=
1
lqsαk
M2αk∑
j=1
Sjf
j
+
1
lqsαk
qsαk∑
j=M2αk+1
Sjf
j
:= I + II.
According to (1.76) we have that
|I| ≤
1
lqsαk
M2αk−1∑
j=1
|Sjf (x)|
j
≤
1
αk
2λM
1/p
2αk−1
α
1/2
k−1
M2αk−1∑
j=1
1
j
≤
2λM
1/p
2αk−1
α
1/2
k−1
≤
2λM
1/p
αk
α
3/2
k
.
Let M2αk ≤ j ≤ q
s
αk
. According to the second inequality of (1.75) in the case when
l = k, we deduce that
Sjf = SM2αk
f +
M
1/p−1
2αk
ψ
M2αk
Dj−M2αk
α
1/2
k
. (4.49)
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Hence, we can rewrite II as
II =
1
lqsαk
qsαk∑
j=M2αk
SM2αk
f
j
(4.50)
+
1
lqsαk
M
1/p−1
2αk
ψ
M2αk
α
1/2
k
qsαk∑
j=M2αk
Dj−M2αk
j
:= II1 + II2.
In view of (1.76) we find that
|II1| ≤
1
lqsαk
qsαk∑
j=M2αk
1
j
∣∣∣SM2αk f ∣∣∣ (4.51)
≤
∣∣∣SM2αk f ∣∣∣ ≤ 2λM
1/p
2αk−1
α
1/2
k−1
.
Let 0 < p ≤ 1/2, x ∈ I2s\I2s+1 for s = [2αk/3] , . . . , αk. Since
M2s−1∑
j=0
D
j
(x)
j+M2αk
≥
M2s−1∑
j=0
j
j+M2αk
≥
M2s−1∑
j=0
j
2M2αk
≥
cM22s
M2αk
we obtain that
|II2| =
1
lqsαk
M
1/p−1
2αk
α
1/2
k
∣∣∣∣∣ψM2αk
M2s−1∑
j=0
Dj
j+M2αk
∣∣∣∣∣ (4.52)
≥
c
αk
M
1/p−1
2αk
α
1/2
k
M22s
M2αk
≥
cM
1/p−2
2αk
M22s
α
3/2
k
.
By combining (1.71)-(1.73) with (4.50)-(4.52) we get that∣∣∣Rqsαkf ∣∣∣ = |II2 − I − II1|
≥ |II2| − |I| − |II1| ≥ |II2| −
2λM
1/p
αk
α
3/2
k
≥
cM
1/p−2
2αk
M22s
α
3/2
k
−
cM
1/p
αk
α
3/2
k
,
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≥
cM
1/p−2
2αk
M22s
α
3/2
k
.
Hence, ∫
Gm
|R∗f (x)|p dµ (x)
≥ cp
αk∑
s=[2αk/3]
∫
I2s\I2s+1
∣∣∣Rqsαkf (x)∣∣∣p dµ (x)
≥ cp
αk∑
s=[2αk/3]
∫
I2s\I2s+1
cM1−2p2αk M
2p
2s
α
3p/2
k
dµ (x)
≥ cp
αk∑
s=[2αk/3]
M1−2p2αk M
2p−1
2s
α
3p/2
k
≥
{
cp2αk(1−2p)/3
α
3p/2
k
, when 0 < p < 1/2,
cα
1/4
k , when p = 1/2,
→∞, when k →∞.
The proof is complete.
Theorem 4.27 Let 0 < p ≤ 1. Then there exists a martingale f ∈ Hp such that
‖L∗f‖p = +∞.
Proof: We write that
Lqsαkf =
1
lqαk,s
qsαk∑
j=1
Sjf
qsαk − j
(4.53)
=
1
lqsαk
M2αk−1∑
j=1
Sjf
qsαk − j
+
1
qsαk
qsαk∑
j=M2αk
Sjf
qsαk − j
:= III + IV.
In the view of (1.76) for III we get the following estimate:
|III| ≤
1
αk
M2αk−1∑
j=0
1
qsαk − j
M
1/p
2αk−1
α
1/2
k−1
≤
M
1/p
2αk−1
α
1/2
k−1
≤
M
1/p
αk
α
3/2
k
. (4.54)
Moreover, according to the second inequality of (1.75) in the case when l = k, (see also
(4.49)) we can rewrite IV as
IV =
1
lqsαk
qsαk∑
j=M2αk
SM2αk
f
qαk ,s − j
(4.55)
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+
1
lqsαk
M
1/p−1
2αk
ψ
M2αk
α
1/2
k
qsαk∑
j=M2αk
Dj−M2αk
qsαk − j
:= IV1 + IV2.
By now applying (1.76) again we have that
|IV1| ≤
2λM
1/p
2αk−1
α
1/2
k−1
≤
2λM
1/p
αk
α
3/2
k
. (4.56)
Let x ∈ I2s\I2s+1, s = [2αk/3] , ..., αk. Since
M2s−1∑
j=0
Dj
M2s − j
=
M2s−1∑
j=0
j
M2s − j
=
M2s−1∑
j=0
M2s
M2s − j
−
M2s−1∑
j=0
M2s − j
M2s − j
= cpsM2s −M2s ≥ cpsM2s,
we obtain that
|IV2| =
1
lqαk,s
M
1/p−1
2αk
α
1/2
k
∣∣∣∣∣
M2s−1∑
j=0
Dj
M2s − j
∣∣∣∣∣ (4.57)
≥
cpM
1/p−1
2αk
α
3/2
k
sM2s, x ∈ I2s/I2s+1.
By combining (1.73) with (4.53)-(4.57) for x ∈ I2s\I2s+1, s = [2αk/3] , ..., αk and 0 <
p ≤ 1 we get that∣∣∣Lqsαkf (x)∣∣∣ = |III + IV1 + IV2| ≥ |IV2| − |III| − |IV1|
≥
cpM
1/p−1
2αk
α
3/2
k
sM2s −
2λMαk
α
3/2
k
≥
cpM
1/p−1
2αk
α
3/2
k
sM2s.
Consequently,∫
Gm
|L∗f (x)|p dµ (x) ≥
αk∑
s=[2αk/3]
∫
I2s\I2s+1
|L∗f (x)|p dµ (x)
≥
αk∑
s=[2αk/3]
∫
I2s\I2s+1
∣∣∣Lqsαkf (x)∣∣∣p dµ (x)
≥ cp
αk∑
s=[2αk/3]
∫
I2s\I2s+1
M1−p2αk−1
α
3p/2
k
spMp2sdµ ≥ cp
αk∑
s=[2αk/3]
M1−p2αk−1
α
p/2
k
Mp−12s
≥
{
cp2αk(1−p)/3
α
p/2
k
, when 0 < p < 1,
cα
1/2
k , when p = 1,
→∞, when k →∞.
The proof is complete.
,
March 5, 2018 Martingale Hardy spaces and summability of the one dimensional Vilenkin-Fourier series 155
4.5 APPLICATIONS
First we consider No¨rlund means tn with monotone and bounded sequence {qk : k ∈ N} .
The results in our previous sections in particular imply the following results:
Theorem 4.28 a) Let f ∈ H1/2 and tn be No¨rlund means with monotone and bounded
sequence {qk : k ∈ N} . Then there exists an absolute constant c such that
‖t∗f‖weak−L1/2 ≤ c ‖f‖H1/2 .
b) There exists a martingale f ∈ H1/2, such that
‖t∗f‖1/2 = ∞.
Theorem 4.29 a) Let p > 1/2, f ∈ Hp and tn be No¨rlund means with monotone and
bounded sequence {qk : k ∈ N} . Then there exists an absolute constant cp depending only
on p such that ∥∥∥ ∼tp,1∗f∥∥∥
p
≤ cp ‖f‖Hp .
b) Let ϕ : N+ → [1,∞) be a non-decreasing function satisfying the condition (3.6). Then
the following maximal operator
sup
n∈N
|tnf |
Φn
is not bounded from the Hardy space Hp to the space weak − Lp.
Theorem 4.30 a) Let f ∈ H1/2 and tn be No¨rlund means with monotone and bounded
sequence {qk : k ∈ N} . Then there exists an absolute constant c such that∥∥∥∼t1∗f∥∥∥
1/2
≤ c ‖f‖H1/2 .
b) Let ϕ : N+ → [1,∞) be a non-decreasing function satisfying the condition (3.11). Then
the following maximal operator
sup
n∈N
|Bnf |
Φn
is not bounded from the Hardy space H1/2 to the Lebesgue space L1/2.
Theorem 4.31 Let 0 < p < 1/2, f ∈ Hp and tn be No¨rlund means with monotone and
bounded sequence {qk : k ∈ N} . Then there exists an absolute constant cp depending only
on p such that
∞∑
m=1
‖tmf‖
p
p
m2−2p
≤ cp ‖f‖
p
Hp
.
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Theorem 4.32 Let f ∈ H1/2 and tn be No¨rlund means with monotone and bounded se-
quence {qk : k ∈ N} . Then there exists an absolute constant c such that
1
log n
n∑
m=1
‖tmf‖
1/2
1/2
m
≤ c ‖f‖
1/2
H1/2
, n = 2, 3, . . . .
Next we remark that σn are No¨rlund means with monotone and bounded sequence
{qk : k ∈ N} and κ
α,β
n are concrete examples of No¨rlund means with non-decreasing and
unbounded sequence {qk : k ∈ N} but they have similar boundedness properties. The results
in our previous sections in particular imply the following results:
Theorem 4.33 a) Let f ∈ H1/2. Then there exists absolute constant c such that
‖σ∗f‖weak−L1/2 ≤ c ‖f‖H1/2
and ∥∥κα,β,∗f∥∥
weak−L1/2
≤ c ‖f‖H1/2 .
b) There exists a martingale f ∈ H1/2 such that
‖σ∗f‖1/2 =∞
and ∥∥κα,β,∗f∥∥
1/2
=∞.
Theorem 4.34 a) Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp
depending only on p such that ∥∥∥ ∼σp∗f∥∥∥
p
≤ cp ‖f‖Hp
and ∥∥κ˜α,β,∗p f∥∥p ≤ cp ‖f‖Hp .
b) Let ϕ : N+ → [1,∞) be a non-decreasing function satisfying the condition (3.6). Then
the following maximal operators
sup
n∈N
|σnf |
Φn
and sup
n∈N
∣∣κα,βn ∣∣
Φn
are not bounded from the Hardy spaceHp to the space weak − Lp.
Theorem 4.35 a) Let f ∈ H1/2. Then there exists an absolute constant c such that∥∥∥∼σ∗f∥∥∥
1/2
≤ c ‖f‖H1/2
,
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and ∥∥κ˜α,β,∗f∥∥
1/2
≤ c ‖f‖H1/2 .
b) Let ϕ : N+ → [1,∞) be a nondecreasing function satisfying the condition (3.11). Then
the following maximal operators
sup
n∈N
|σnf |
Φn
and sup
n∈N
∣∣κα,βn ∣∣
Φn
are not bounded from the Hardy spaceH1/2 to the Lebesgue space L1/2.
Theorem 4.36 Let 0 < p < 1/2 and f ∈ Hp. Then there exists an absolute constant cp
depending only on p such that
∞∑
m=1
‖σmf‖
p
p
m2−2p
≤ cp ‖f‖
p
Hp
and
∞∑
m=1
∥∥κα,βm f∥∥pp
m2−2p
≤ cp ‖f‖
p
Hp
.
Theorem 4.37 Let f ∈ H1/2. Then there exists an absolute constant c such that
1
log n
n∑
m=1
‖σmf‖
1/2
1/2
m
≤ c ‖f‖
1/2
H1/2
, n = 2, 3, . . . ,
and
1
log n
n∑
m=1
∥∥κα,βm f∥∥1/21/2
m
≤ c ‖f‖
1/2
H1/2
, n = 2, 3, . . . .
Furthemore, we note that it is obvious that Cesa`ro (C, α) and Riesz (R, α) means are
examples of No¨rlund means with non-increasing sequence satisfying the conditions (1.39)
and (1.40). It follows that all results concerning such summability methods are true also for
the Cesa`ro (C, α) and Riesz (R, α) means. Hence, the results in our previous sections in
particular imply the following results:
Theorem 4.38 a) Let 0 < p < 1/2. Then there exists a martingale f ∈ Hp such that
sup
n∈N
‖σαnf‖weak−Lp =∞
and
sup
n∈N
‖βαnf‖weak−Lp =∞.
G.Tephnadze ,
158 4. Vilenkin-No¨rlund means on martingale Hardy spaces March 5, 2018
Theorem 4.39 a) Let 0 < α ≤ 1 and f ∈ H1/(1+α). Then there exists absolute constant cα
depending only on α such that
‖σα,∗f‖weak−L1/(1+α) ≤ cα ‖f‖H1/(1+α)
and
‖βα,∗f‖weak−L1/(1+α) ≤ cα ‖f‖H1/(1+α) .
b) Let 0 < α ≤ 1. Then there exists a martingale f ∈ H1/(1+α) such that
‖σα,∗f‖1/(1+α) =∞
and
‖βα,∗f‖1/(1+α) =∞.
Theorem 4.40 a) Let 0 < α ≤ 1, 0 < p < 1/ (1 + α) and f ∈ Hp. Then there exists an
absolute constant cα,p depending only on α and p such that∥∥∥ ∼σpα,∗f∥∥∥
p
≤ cα,p ‖f‖Hp
and ∥∥∥∥ ∼βpα,∗f∥∥∥∥
p
≤ cα,p ‖f‖Hp .
b) Let 0 < α ≤ 1 and ϕ : N+ → [1,∞) be a non-decreasing function satisfying the condition
(4.29). Then the following maximal operators
sup
n∈N
|σαnf |
Φn
and sup
n∈N
|βαnf |
Φn
are not bounded from the Hardy spaceHp to the space weak − Lp.
Theorem 4.41 a) Let 0 < α ≤ 1 and f ∈ H1/(1+α). Then there exists an absolute constant
cα depending only on α such that∥∥∥∼σα,∗f∥∥∥
1/(1+α)
≤ cα ‖f‖H1/(1+α)
and ∥∥∥∥∼βα,∗f∥∥∥∥
1/(1+α)
≤ cα ‖f‖H1/(1+α) .
b) Let 0 < α ≤ 1 and ϕ : N+ → [1,∞) be a nondecreasing function satisfying the condition
(4.35). Then the following maximal operators
sup
n∈N
|σαnf |
Φn
and sup
n∈N
|βαnf |
Φn
are not bounded from the Hardy spaceH1/(1+α) to the Lebesgue space L1/(1+α).
,
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Theorem 4.42 Let 0 < α ≤ 1, 0 < p < 1/ (1 + α) and f ∈ Hp. Then there exists an
absolute constant cα,p depending only on α and p such that
∞∑
m=1
‖σαma‖
p
p
m(1+α)(1−p)
≤ cα,p ‖f‖
p
Hp
and
∞∑
m=1
‖βαma‖
p
p
m(1+α)(1−p)
≤ cα,p ‖f‖
p
Hp
.
Theorem 4.43 Let 0 < α ≤ 1 and f ∈ H1/(1+α). Then there exists an absolute constant cα
depending only on α such that
1
log n
n∑
m=1
‖σαmf‖
1/(1+α)
1/(1+α)
m
≤ cα ‖f‖
1/(1+α)
H1/(1+α)
and
1
log n
n∑
m=1
‖βαmf‖
1/(1+α)
1/(1+α)
m
≤ cα ‖f‖
1/(1+α)
H1/(1+α)
.
Finally, we present some applications concerning almost everywhere convergence of
some summability methods. To study almost everywhere convergence of some summability
methods is one of the most difficult topics in Fourier analysis. They involve techniques from
function theory and Hardy spaces.
In most applications the a.e. convergence of {Tn : n ∈ N} can be established for f in
some dense class of L1 (Gm) . In particular, the following result play an important role for
studying this type of questions (see e.g. the books [35], [55] and [88]).
Lemma 4.44 Let f ∈ L1 and Tn : L1 → L1 be some sub-linear operators and
T ∗ := sup
n∈N
|Tn| .
If
Tnf → f a.e. for every f ∈ S
where the set S is dense in the space L1 and the maximal operator T
∗ is bounded from the
space L1 to the space weak − L1, that is
sup
λ>0
λµ {x ∈ Gm : |T
∗f (x)| > λ} ≤ ‖f‖1 ,
then
Tnf → f, a.e. for every f ∈ L1 (Gm) .
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Remark 4.45 Since the Vilenkin function ψm is constant on In(x) for every x ∈ Gm and
0 ≤ m < Mn, it is clear that each Vilenkin function is a complex-valued step function, that
is, it is a finite linear combination of the characteristic functions
χ (E) =
{
1, x ∈ E,
0, x /∈ E.
On the other hand, notice that, by Corollary 1.5 (Paley lemma), it yields that
χ (In(t)) (x) =
1
Mn
Mn−1∑
j=0
ψj (x− t) , x ∈ In(t),
for each x, t ∈ Gm and n ∈ N. Thus each step function is a Vilenkin polynomial. Conse-
quently, we obtain that the collection of step functions coincides with a collection of Vilenkin
polynomials P . Since the Lebesgue measure is regular it follows from Lusin theorem that
given f ∈ L1 there exist Vilenkin polynomials P1, P2..., such that Pn → f a.e. when
n→∞. This means that the Vilenkin polynomials are dense in the space L1.
By using Lemma 4.44, remarks 4.45 and the results in our previous sections we in par-
ticular obtain the following a.e. convergence results.
Theorem 4.46 Let f ∈ L1 and tn be the regular No¨rlund means with non-decreasing se-
quence {qk : k ∈ N}. Then
tnf → f a.e., when n→∞.
Proof: Since
SnP = P, for every P ∈ P
we obtain that
tnP → P a.e., when n→∞,
for every regular No¨rlund mean with non-decreasing sequence {qk : k ∈ N}, where P ∈ P
is dense in the space L1 (see Remark 4.45).
On the other hand, by combining Lemma 1.40 and Theorem 4.1 we obtain that the
maximal operator of No¨rlund means, with non-decreasing sequence {qk : k ∈ N} satisfying
conditions (1.38) is bounded from the space L1 to the space weak − L1, that is,
sup
λ>0
λµ {x ∈ Gm : |t
∗f (x)| > λ} ≤ ‖f‖1 .
According to Lemma 4.44 we obtain that under condition (1.38) we have a.e. conver-
gence
tnf → f a.e., when n→∞.
The proof is complete.
,
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Corollary 4.47 Let f ∈ L1. Then
σnf → f a.e., when n→∞,
and
κα,βn f → f a.e., when n→∞.
Proof: Since σn and κn are regular No¨rlund means with non-decreasing sequence {qk :
k ∈ N} (see (1.5) and (1.10)) the proof is complete by just using Theorem 4.46.
Theorem 4.48 Let f ∈ L1 and tn be No¨rlund means with non-increasing sequence {qk :
k ∈ N} satisfying conditions (1.39) and (1.40). Then
tnf → f a.e., when n→∞.
Proof: By using part b) of Theorem 1.1 we get that every No¨rlund mean, with non-
increasing sequence {qk : k ∈ N} is regular. Since
SnP = P, for every P ∈ P
we obtain that tnP → P, when n → ∞, where P ∈ P is dense in the space L1 (see
Remark 4.45).
On the other hand, by combining Lemma 1.40 and part a) of Theorem 4.11 we obtain
that the maximal operator of No¨rlund means with non-increasing sequence {qk : k ∈ N}
satisfying conditions (1.39) and (1.40) is bounded from the space L1 to the space weak−L1,
that is
sup
λ>0
λµ {x ∈ Gm : |t
∗f (x)| > λ} ≤ ‖f‖1 .
According to Lemma 4.44 we obtain that under conditions (1.39) and (1.40) we have
a.e. convergence
tnf → f a.e., when n→∞.
The proof is complete.
Corollary 4.49 Let f ∈ L1. Then
σαnf → f a.e., when n→∞, when 0 < α < 1.
and
βαnf → f a.e., when n→∞, when 0 < α < 1.
Proof: By combining (1.6)-(1.7) with (1.8)-(1.9) we obtain that the No¨rlund means σαn
and βαn , with non-increasing sequence {qk : k ∈ N} satisfy conditions (1.39) and (1.40).
Hence, the proof is complete by just using Theorem 4.48.
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Corollary 4.50 Let f ∈ L1 and tn be No¨rlund means with monotone and bounded sequence
{qk : k ∈ N}. Then
tnf → f a.e., when n→∞.
Proof: The proof is analogously to the proofs of Theorems 4.46 and 4.48 so we leave
out the details.
Theorem 4.51 Let f ∈ L1. Then
Rnf → f, a.e. when n→∞.
Proof: The proof is analogously to the proofs of Theorems 4.46 and 4.48 so we leave
out the details.
,
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